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Overview of the presentation

• General Model of Dynamic Discrete Choice
• Solution: choose the project with highest Gittins index

• Three applications:

1 McCall’s search model

2 Weitzman’s Pandora’s Box Model

3 Miller’s Ocupational Choice Model
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Objects of the Model

C (Xt) = {1, . . . ,N} : Choice set (projects)

it ∈ C (Xt) : Decision taken at time t

Xt = {Xt(1), . . . ,Xt(N)} : KN-dimensional structure. Xt(i) is a
K -dimensional vector describing
project i at time t.

r(Xt(i), i) : Reward function for choosing i at
time t. It depends only on Xt(i)
and not on states of other projects.

p(Xt+1(i) | Xt(i), i) : Markov transition probability.
(Note: at any time, only state i
changes. Xt+1(j) = Xt(j), j 6= i . Only
component of X (t) changing is i at
time t, i = 1, . . . ,N.)
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Assume independence of projects

Value function:

V (Xt) = sup
ij∈Cj (X )

{
∞∑
j=t

βj−tr(Xj(i), ij)

}
, ∀ j ≥ t

Formal solution: Bellman’s Equation

V (Xt) = max
1≤i≤N

r(Xt(i), i) + β

∫
V (Xt(1), . . . ,

i th

↓
y , . . . ,Xt(N))p(dy | Xt(i), i)


Choice of i determines current reward and transition rate. Note that
the i th argument is the only one that changes if i is chosen.
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2I2 SEQUENTIAL SCHEDULING AND THB MI,'LTI-ARMED BANDIT

2. FORMULATION

The problem defined in the last section is a Markov decision problem with the
state variable x : (xr, xr,...,x"). (Note that the subscript refers to the project, not
to time). In ord€r to keep within the classic framework of the discounted case we
shall suppose rewards to be uniformly bounded:

- 6 < A(l -B)< R,(x)< B(1 -B) < :o (1)

(although see Exercise 4.1). The constants ,4 and B are then lower and upper
bounds on total discounted reward respectively.

For simplicity, 1et us denote the reward R;,,,(x;,;,(t)) realized at time t simply by

value

is a function only ofthe initial state x(0), as indicated. The reward function G will
obey the dynamic programming equation

G : max I-iG

and will be the unique bounded solution ofthis equation. Here Lj is the one-step
operator if project i is engaged, so that

L;G(x) : R (;6 .1 1pE[G(x0 + l))lx(r) : x' i(t) : i]. (4)

Of course, xO and x( + 1) difler only in the ith component.
Consider the modification ofthe process which allows the additional option of

retirement for a lump reward of M. That is, one can either continue with selection
from the projects or abandon operations permanently and settle for a retirement
payment of M. The additional parameter M thus introduced tums out to be

significant.
Let @(x, M) be the maximal expected conditional reward.for the modified

process, conditional on x(0) : x. Then <D will be the unique bounded solution of
the modified version of (3):

R(t). The total discounted reward is then I,1oB'R(l) and its maximal expected

o: .* 
[,r.1.,nu*r,o].

l€t us r€fer to the original version ofthe process as the'continuing process' and
the modihed version as the 'M process'. There is an immediate relation between
the two.

Theorem 2.1. @(x, M) is a non-decreasing conuex function of M for which

.(",,:{f;') itriii:

c(x(o)) : suor"[,i B,^t,,, r"] (2)

(3)

(5)

(6)

lBE

The optimal policies ol the contirfrih
M<A.

Proof. T o increase M cannot dcart
evident. To retire is always optiwtl
for M < A (for the M-process), Pl
M < ,4, whence the last assertidJ

Let I/ be the expected return ftd
of M. Then

where 4 is the expected reward bd
time of retirement. All expectatioiu

are conditional on llzo. The evffi
event r: +.o, since, becaus€ lti
tingencylo yield a zero contributi

Sincf$is the supremumovcr tsi
in M.la

rtt

Suppose that to each project i eat
quantity Mr(xr) which is a functior
that project. For simplicity we sll]rl
Mi, but the dependence also on p

A policy in which one always Qnl

be referred to as aL index poliay,'
policy which is optimal (among el
that optimal project choice reducd
Mr. It is not obvious, however, tb

In fact, Gittins (Gittins and Jotrd

an appropriate choice of indeq a!
defined as follows. Let <D(x', if
where, instead of the N projects, d!
are then to continue with proicd
reward @, will then obey the rodu

(Since L, changes only the value (

In analogy with the assertioa8 i

function of M which equals M fcr
Gittins index Mi(x,) is defined altl
This is exactly the break-point st r
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2I4 SBQUENTIAL SCHEDIJLINC AND THE MIJLTI-ARMED BANDIT

be regarded as the value of M which makes the options of continuation (with
project i) or of retirement (with reward M) equally attractive.

M,(x,)thus represents an equitable surrender price, or reserve price, for project
i in its current state xi. It is an equitable price under a particular circumstance,
however. It is a price equivalent, not to the expected reward from indefinite
operation of project i, but to th€ €xpected reward when one may continue with
project i, but the option oI accepting the price initially offered remains open at all
tlmes.

We shall refer to the index policy which uses the Gittins index as the Gittins
index policy. Optrmality ofthis policy will be proved in the next s€ction. The index
which Gittins actually used was

't':(1 - f)M,
because he visualized the option ofretiring at reward M as the option ofadopting
a standad project with a hxed reward rate R : v. The definitions differ only by a
factor. and we shall find it conyenient to work in terms of M rather than v.

Gittins has a second characterization of his index.

Theorem 3.1. The Gittins index also hos the charucterization

(2)

(3)

where the policy n determines a stopping time r.

That is, v, can be regarded as an average reward (with both reward and time
discounted) over a stopping time r, with the rule determining the stopping time
chosen to maximize this average.

Prool Since @, is the maximal reward under sequential choice between project i
and retirement, then

fi R (x,(t\) + B' M l x,tO) : r,l

OPTIMALIIY OI

the value Mi(xr) we have then

F.- r
M-'>E"l L fLo

with equality for some z, whano

f.-r
$,(x,,M)>E"l ILo

4. OPTIMALITY OI

Define the function

iD1x,'t4='

The motivation for this defrnitio'
since 41,(x,, m) is convex as a funt
everywhere. The value assigned t(
value of the integral (1), but for c(
derivative.

It is now relatiYely easy to sho
realized by the Gittins index 1nl

L€mma 4.1.

6(x,M): Olxt,M,

where

P,(x, rl

is non-negqtiue, non-decreasing ia

M>

Proof. Equatlon (2) follows from i

of M, is non-decreasing, convex at
negative, nondecreasing and equ
for P, thus follow.l

Consider the quantity

6i;I.r'M)=

and note that di > 0, with equality

I - E"(p'lx'(0): x )

E" [16 1B' 
lxi(o) : xr]

for any z, with equality for some z, where r is the instant ofretirement. Giving M
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in the dependence of the various quantities on M for fixed x, and so shall for
simplicity suppress the x-argument.

Lemmr 4.2.

6> tut, (5)

with equality if M 2 max M ,, and.

ad)

6(M) - L,O(M) : ,tr(M)pi(M) + | o,1r;a. r,1r.y r o, (6)

$,ith equality iJ M,: maa x4,2 l'1 
J u

Proot Inequality (5) and the characterization of the equality case follow from (2)

and the properties of Pi.
The first relation ol(6)follows immediately from (2). The non-negatiYity ofthe

expression follows lrom dr(M)>0 and the non-negative and non-decreasing
nature of P,. We know that dr(M):0 for M 3Mi and that d.P'(nt):0 for
m>- M ti), so that expression (6) will be zero rf M 3 Mi and M r< M t This pair
of conditions is equivalent to those asserted in the Irmma. I

Theorem 4.1. 6 : @ and the Gittitrs index policy is optimal.

Proof. $te shall have demonstrated that 6:rD if we can show that iD satisfies

(2.5), because @ is the unique bounded solution ofthis equation (Theorem 23.3.1).

We shall have demonstrated that the Gittins index policy is optimal if we can

show that the maximizing option in the right-hand m€mber of(2.5) isjust that
option which would be recommended by the Gittins index policy

(Theorem 23.3.2). But the truth of both of these stat€ments follows from the

inequalities and cases of equality proved in kmma 4.2. I

Exetcises

1. The results ofthis section do not in general extend to the finite-horizon case.

They do, however, extend to the case where there is a finite horlzon on each

individual project, by the device of replacing x, by (x,,s,), where s, is the
permitted remaining process time for project i. Complete the details. Note that
this is in fact afinite-horizon problem in the conventional sense and there is no
need for discounting: for a hnite-horizon problem the optimality equation has

a unique solution and a policy is optimal if and only if it provides the
'equalizer' in this equation.

2. A generalization of the bandit process considered by Gittins is the bandit
super-processrnwhich, once one chooses i(t) : i, there is an additional decision

MOTIVATION

variable a,(r) which aflects botll
generalizes to the operator Li

l,,tD(x) : R,(a,,41 1p.

where only x, changes in the tri
subsidiary decision to be ma(
engage project i at that time.

One can define di and O t

definition incorporates an opl
options. One can define the Gi
sure that it is optimal.

Show that Theorem 4.1 still
project problems delining @,, tt
all i. The assertion follows fron
Theorem 4.1 (see Whittle, 19

necessary as well as sufficient

5. MOTIVATION

Our proof that 6:@ establishes

@(x' M): )

and the definition (4.1) of iD has

holds. We now outline the motiv

Lemma 5.1; Let V be the expectl
policy whose presuiption is indept

where r is the time of retirenert ,

Proof. This is an immediate conr

Let us now define a write-of po
(i.e. abandoned) when first its stat{
continues as long as there are prq
only on those projects; one retire!
one continues until all projects h

Note that a write-off policy is n<

sets S,, because no rule has been gi
be engaged. This is something the

i;
a

Heckman Gittins Index, January 12, 2021 3:01pm 21 / 64



Gittins Index Formulation Gittins Index Optimality Example Interp/Ext Miller’s Model

216 SEQUINTIAL SCHEDULINC AND THE MULTI-ARMED BANDIT

in the dependence of the various quantities on M for fixed x, and so shall for
simplicity suppress the x-argument.

Lemmr 4.2.

6> tut, (5)

with equality if M 2 max M ,, and.

ad)

6(M) - L,O(M) : ,tr(M)pi(M) + | o,1r;a. r,1r.y r o, (6)

$,ith equality iJ M,: maa x4,2 l'1 
J u

Proot Inequality (5) and the characterization of the equality case follow from (2)

and the properties of Pi.
The first relation ol(6)follows immediately from (2). The non-negatiYity ofthe

expression follows lrom dr(M)>0 and the non-negative and non-decreasing
nature of P,. We know that dr(M):0 for M 3Mi and that d.P'(nt):0 for
m>- M ti), so that expression (6) will be zero rf M 3 Mi and M r< M t This pair
of conditions is equivalent to those asserted in the Irmma. I

Theorem 4.1. 6 : @ and the Gittitrs index policy is optimal.

Proof. $te shall have demonstrated that 6:rD if we can show that iD satisfies

(2.5), because @ is the unique bounded solution ofthis equation (Theorem 23.3.1).

We shall have demonstrated that the Gittins index policy is optimal if we can

show that the maximizing option in the right-hand m€mber of(2.5) isjust that
option which would be recommended by the Gittins index policy

(Theorem 23.3.2). But the truth of both of these stat€ments follows from the

inequalities and cases of equality proved in kmma 4.2. I

Exetcises

1. The results ofthis section do not in general extend to the finite-horizon case.

They do, however, extend to the case where there is a finite horlzon on each

individual project, by the device of replacing x, by (x,,s,), where s, is the
permitted remaining process time for project i. Complete the details. Note that
this is in fact afinite-horizon problem in the conventional sense and there is no
need for discounting: for a hnite-horizon problem the optimality equation has

a unique solution and a policy is optimal if and only if it provides the
'equalizer' in this equation.

2. A generalization of the bandit process considered by Gittins is the bandit
super-processrnwhich, once one chooses i(t) : i, there is an additional decision

MOTIVATION

variable a,(r) which aflects botll
generalizes to the operator Li

l,,tD(x) : R,(a,,41 1p.

where only x, changes in the tri
subsidiary decision to be ma(
engage project i at that time.

One can define di and O t

definition incorporates an opl
options. One can define the Gi
sure that it is optimal.

Show that Theorem 4.1 still
project problems delining @,, tt
all i. The assertion follows fron
Theorem 4.1 (see Whittle, 19

necessary as well as sufficient

5. MOTIVATION

Our proof that 6:@ establishes

@(x' M): )

and the definition (4.1) of iD has

holds. We now outline the motiv

Lemma 5.1; Let V be the expectl
policy whose presuiption is indept

where r is the time of retirenert ,

Proof. This is an immediate conr

Let us now define a write-of po
(i.e. abandoned) when first its stat{
continues as long as there are prq
only on those projects; one retire!
one continues until all projects h

Note that a write-off policy is n<

sets S,, because no rule has been gi
be engaged. This is something the

i;
aHeckman Gittins Index, January 12, 2021 3:01pm 22 / 64



Gittins Index Formulation Gittins Index Optimality Example Interp/Ext Miller’s Model

3 'Jo^oarou :.{Jrsods lou saop fclTod JJo-ellr,t\ oql Surqlewos sI slr{J peBBAue aq

ol aJ? slrefoJd e^rlc€ qclrl^\ uI JapJo eql JoJ ue^I3 ueoq s€q alnj ou asn?ceq 'tS sFs

JJo-alrJ^{ erllJo uolldusseJd ,{q peulsods fln; 1ou st,(cqod Jo-alu/il ? l?ql eloN
'slas JJo-elrJ^\ rreql olur ua^IJp ueaq e,teq slralord IJE lllun senulluoc euo

'sr leqJ IIo uellr:,r a:e stoeford II? s? uoos se seJlte.r euo:sl3efold asoql uo,(luo
SurIJo^\'IIo uallu,( ueeq lou eAEq qJrtlat spaford a:e araql s€ Euol se senulluoc
auo 1N ' 'Z 'l : r)!S tas.go-au,1t E srelue rx al?ls sll tsJU ueq^\ (peuopu"q? o 0

JJo uellu,,i\ sr I lceford qcq,u ut fcqod e se b\od Ilb-allrM e euUop ,t\ou sn la'I

l (td lo acuanbesuoc elerpauurr u? sr srql ?ord
'brlod stl4i .opun luawa4lat lo aurl aqi st x a.pUt\

tlt tnl,tln:l!
uaql 1ttr lo ,u"o)on*, s1 uorldltcsatd asoLltt frllod

{,to,t1rt1to uo ioI'oll uo lvuolltpuo) 'p-tod\at palJadxa aW aq A Ja1 :f'S 
"tuuarl

'olnlcofuoc srql JoJ uorl€Arlou eql ourllno .rou alA sploq
(1) ,{lauepr tsq} arntrafuoc aql ur urEuo slr seq O Jo (I t) uorlruuep eqt pue

w) .!.^f
{t) rllp ,-',.^ll l-s-(r{'x)O (w"\l'QJ - sJ

,{lnuepr eqt Jo qtnrl egt seqsllqElse O: O leql Joord JnO

g do No[rNldso sHr uo,{ NOIJVAIJOIAI 's

1186I 'Ioorqez"l0) luerrlUns sE IIe,,!l sB.{J"sseceu
eq ol u.roqs useq s"q uorlpuoc slrlJ 1086I 'elllqiA ees) I t ureJoeqJ

;o .1oo.rd eql go uorluzpreue8 elerrdordd? uE [uo{ s.,rrolloJ uol esse eql r IIB
roJ rtl Jo luepuodapur eJE suorsrcep-n leurqdo eq1'!@ ?urugep suralqord lceford
-euo oql ro.; uo6ar uorlenurluoc eql ur'Jr sploq [ns I t ue]oaql l?ql ,{\oqs

'l"urrlqo sr ll l3r{l sJns

eq ,rou louueJ lnq'eJoJeq s€ ,,(crJod xepur surlrg oql euUap ue: eug'suo4do
uorlc? Jor{to Jeao s3 IJoa{ s? fl Je,/ro uoqen urqdo ue sale:od:ocut uollruuep
rreqt t?ql ecuereJrp dluo eql qtl^\'eJoJeq s? tp pu" !@ euUep u?c ouo

'arrrrl t"gt 1e 1 lceford e8e8ue
ol peprcep ssq euo Jr r aurq 1e (i(1pulr1do) eperu eq ol uorsrcep ,{rerprsqns
e se pap:eBar eq uer (t)h elq"rff^ eql uo4rsueJt aql ur saEuzqcrx dluo araq,r,r

ln: (t\!n't: (t)tx: (r)xl((I + r)x)Olgd + ('?'tr)ry : (x)O"!z

uoqoe aqt qll^\ '!T roleJedo eql ol sazrleJeue8

uaql !7 role;ado aql 'uorlsuerl-lx puz pre,{\ar qloq slce11e qcrq^\ (J)rn elqzuz^

uorsrcop leuorlrppe ue ste:aqt ! = (rl

rwoq at4t sr surlllc ,{q peJeplsuo:

eqt sepnord ll Jl ,{tuo put Jt [?l!
seq uo4enbe.(lgeruDdo oql uolqor
ou sr ajaql PUB esuas l?uoquo^uocel
leql aloN slElop aql olalduroJ ! lc4
eqt sr !s a:aq,n '(!s'?x) ,{q!r tmczl
qc?e uo uozroq elrurJ € sI a.r)ql e!
'esec uozrJoq-alrurJ eql ol puelxo p,

a z't ?lgItltq
eqt Iuo{ s1(olloJ slueuolsls 0saq1

fcrlod xepur sur11r9 oq1 ,{q

1eq1 tsnt sr (g z) ;o raquou pusq'I
u?c art\ Jr leurqdo sr ,{ollod xopur s

1i € tZ ruerooqJ) uorlunbe sqlJour
seusD?s (D leql ,toqs u?, e \ Jl o=

.lDutjdo s! [4lo

I ?urusl eql u l

:red srql toy;\!)w pue!W > N I
ro! O: (w)!d-p reql pue!;4>11
SurseoJcep-uou puz eltleEou-cou
eqlJo ,{lr^tleEeu-uou oql (Z) ulo{ /

(g) uror1,trol1o1 esec ,{lqunbe oq1.;o r

roJ €qs os puE 'x pexu roJ ,t/ uo

T.ICNVS Cilv{UV-I,l.I1ln A

'O71w1tA-p1w\!gN 
I 

I

LIZo Jo NorlrNrdac aHl uoJ NorlY^rrow

Heckman Gittins Index, January 12, 2021 3:01pm 23 / 64



Gittins Index Formulation Gittins Index Optimality Example Interp/Ext Miller’s Model

3 'Jo^oarou :.{Jrsods lou saop fclTod JJo-ellr,t\ oql Surqlewos sI slr{J peBBAue aq

ol aJ? slrefoJd e^rlc€ qclrl^\ uI JapJo eql JoJ ue^I3 ueoq s€q alnj ou asn?ceq 'tS sFs

JJo-alrJ^{ erllJo uolldusseJd ,{q peulsods fln; 1ou st,(cqod Jo-alu/il ? l?ql eloN
'slas JJo-elrJ^\ rreql olur ua^IJp ueaq e,teq slralord IJE lllun senulluoc euo

'sr leqJ IIo uellr:,r a:e stoeford II? s? uoos se seJlte.r euo:sl3efold asoql uo,(luo
SurIJo^\'IIo uallu,( ueeq lou eAEq qJrtlat spaford a:e araql s€ Euol se senulluoc
auo 1N ' 'Z 'l : r)!S tas.go-au,1t E srelue rx al?ls sll tsJU ueq^\ (peuopu"q? o 0

JJo uellu,,i\ sr I lceford qcq,u ut fcqod e se b\od Ilb-allrM e euUop ,t\ou sn la'I

l (td lo acuanbesuoc elerpauurr u? sr srql ?ord
'brlod stl4i .opun luawa4lat lo aurl aqi st x a.pUt\

tlt tnl,tln:l!
uaql 1ttr lo ,u"o)on*, s1 uorldltcsatd asoLltt frllod

{,to,t1rt1to uo ioI'oll uo lvuolltpuo) 'p-tod\at palJadxa aW aq A Ja1 :f'S 
"tuuarl

'olnlcofuoc srql JoJ uorl€Arlou eql ourllno .rou alA sploq
(1) ,{lauepr tsq} arntrafuoc aql ur urEuo slr seq O Jo (I t) uorlruuep eqt pue

w) .!.^f
{t) rllp ,-',.^ll l-s-(r{'x)O (w"\l'QJ - sJ

,{lnuepr eqt Jo qtnrl egt seqsllqElse O: O leql Joord JnO

g do No[rNldso sHr uo,{ NOIJVAIJOIAI 's

1186I 'Ioorqez"l0) luerrlUns sE IIe,,!l sB.{J"sseceu
eq ol u.roqs useq s"q uorlpuoc slrlJ 1086I 'elllqiA ees) I t ureJoeqJ

;o .1oo.rd eql go uorluzpreue8 elerrdordd? uE [uo{ s.,rrolloJ uol esse eql r IIB
roJ rtl Jo luepuodapur eJE suorsrcep-n leurqdo eq1'!@ ?urugep suralqord lceford
-euo oql ro.; uo6ar uorlenurluoc eql ur'Jr sploq [ns I t ue]oaql l?ql ,{\oqs

'l"urrlqo sr ll l3r{l sJns

eq ,rou louueJ lnq'eJoJeq s€ ,,(crJod xepur surlrg oql euUap ue: eug'suo4do
uorlc? Jor{to Jeao s3 IJoa{ s? fl Je,/ro uoqen urqdo ue sale:od:ocut uollruuep
rreqt t?ql ecuereJrp dluo eql qtl^\'eJoJeq s? tp pu" !@ euUep u?c ouo

'arrrrl t"gt 1e 1 lceford e8e8ue
ol peprcep ssq euo Jr r aurq 1e (i(1pulr1do) eperu eq ol uorsrcep ,{rerprsqns
e se pap:eBar eq uer (t)h elq"rff^ eql uo4rsueJt aql ur saEuzqcrx dluo araq,r,r

ln: (t\!n't: (t)tx: (r)xl((I + r)x)Olgd + ('?'tr)ry : (x)O"!z

uoqoe aqt qll^\ '!T roleJedo eql ol sazrleJeue8

uaql !7 role;ado aql 'uorlsuerl-lx puz pre,{\ar qloq slce11e qcrq^\ (J)rn elqzuz^

uorsrcop leuorlrppe ue ste:aqt ! = (rl

rwoq at4t sr surlllc ,{q peJeplsuo:

eqt sepnord ll Jl ,{tuo put Jt [?l!
seq uo4enbe.(lgeruDdo oql uolqor
ou sr ajaql PUB esuas l?uoquo^uocel
leql aloN slElop aql olalduroJ ! lc4
eqt sr !s a:aq,n '(!s'?x) ,{q!r tmczl
qc?e uo uozroq elrurJ € sI a.r)ql e!
'esec uozrJoq-alrurJ eql ol puelxo p,

a z't ?lgItltq
eqt Iuo{ s1(olloJ slueuolsls 0saq1

fcrlod xepur sur11r9 oq1 ,{q

1eq1 tsnt sr (g z) ;o raquou pusq'I
u?c art\ Jr leurqdo sr ,{ollod xopur s

1i € tZ ruerooqJ) uorlunbe sqlJour
seusD?s (D leql ,toqs u?, e \ Jl o=

.lDutjdo s! [4lo

I ?urusl eql u l

:red srql toy;\!)w pue!W > N I
ro! O: (w)!d-p reql pue!;4>11
SurseoJcep-uou puz eltleEou-cou
eqlJo ,{lr^tleEeu-uou oql (Z) ulo{ /

(g) uror1,trol1o1 esec ,{lqunbe oq1.;o r

roJ €qs os puE 'x pexu roJ ,t/ uo

T.ICNVS Cilv{UV-I,l.I1ln A

'O71w1tA-p1w\!gN 
I 

I

LIZo Jo NorlrNrdac aHl uoJ NorlY^rrow

2I8 SEQUENTIAL SCHEDULING AND THE MULTI-ARMED BANDIT

write-off policy need b€ neither Markov nor stationary. Note that the Gittins
index policy is a write-off policy, with Sr the set of xi for which Mt(xt)< M.

Lemma 5.2, Let r be the time to retirement for an N -proiect policy, and r ithe time

to retirement when only project i is apailable. lf the policy is a \\)rite-oJf policy, then

EU'lw"l:nE?..lw"l.

Proof. We have r : Iri where ri is the total process time for project i, the total
time for which project i is engaged before it is written off. Equation (3) states

effectively that the r; are indep€ndently distributed and that r,, tj have the same

distribution (conditional on tyo). But since evolution of the projects (in process

time) is indep€ndent, the process time needed to take xi into Si is independent of
the states of other projects; hence the assertion. I

Lemma 5,3. Let V and V, be the expected rewards, conditional on W, for an

arbitrary write-off policy whose prescription is independent of M when N projects

are aoailable and when only proiect i is auailabk respectiuely. Then

dv n dv,

aM: l,I dM (4)

Proo/. Relation (4) follows from (2), (3). Note Exercise 1. I

Suppose now that relation (4) also holds for the optimal policies, so that

ao nd6,
dM: r,t dL4'

Identity (5) would then follow immediately by integration of (5) and appeal to
<D(x, B) : 8. To establish (5) we would need analogues of Lemmas 5.1 and 5 2 for
optimal policies. I-€mma 5.1 indeed has an analogue:

Lemma 5.4. Let EM denote expectation under a policy optirnal when retircment
rewqrd has the talue M. Then E"(Blx(O) = x\ is a sub-gradient of Q(x,M\, as a

function of M, and

a@6,M) E'[fflx(0) : x]
AM

(3)

EXAMPLE: q

relation (2.7) imply that, for anF,i

o(x,M+r)41
(The expectation is conditio$l
conditioner for an optimal poli€J&

sub-gradient to O. It will thctlll
exists. But @, being convex, will{
assertion oI the Lemma. I

(s)

However, there will be no
there is an optimal policy (for
conjecture, which is plausible,
value is that it leads to tbe
Theorem 4.1. This theorem
so that there is indeed a

(r979).

Exercises "''
1. Show that for a write-ofr poli4

2.

3.

EW
:1'

and hence that aVIAM de@,
Show that relation (3) is vallL
Show that doldM fails to od$j
policy changes and at which d

6. E)ilMPLf,S: I
To complete the treatment for iildi
M,(x,) from one of the two characq
known in which an explicit formrr&
have to resort to numerical colii
appropriate range of values of M:
solution at this point, th€ inders!
the original probler4 as well re.l

In this and the following scctie
index can be determin€d explici$r

(6)
Theorem 6.1 (The deteriorrd{.6
for all M and for all (xt(t\,xt(t + t

.&

.:-. ,,

If this holds for all i then the Gim

for almost all M.

Proof. Since in each state there are at most N + 1 possible actions, optimal
policies always exist. If one applies an M-optimal policy to the (M + ,)-process

one achieves an expected reward not exce€ding @(rc, M + d). This assertion and
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f*ationary. Note that the Gittins
!.!et of x, for which M,(x,) < M.

I n N -project policy, and r i the time

Vtly policy is a write-off policy, then

'rlwol. (3)

\Ftxess ttme lor proJect r, the tolal
t is written off. Equation (3) states

iluted and that r,, rj have the same

ryolution of the projects (in process

Itd take.xi into si is independent oI
Fon. f
*wanls, conditional on W, for an
'E.Nependent of M when N projects

W respectiuely. Then

v'J t4l
V..

6e Exercise l.l
!.
fof tne oplrmar po|lcles. so tnat

bt ,.,
r' 'IJ'
,!i'

$y integration of (5) and appeal to
i[iilogues of Lemmas 5.1 and 5.2 for
halogue:

*1::I a poltcy optinal when retirement

llis a sub-gradient of @(x,M\, as a

P
l3p) = xl (6)

fd:
a :lr'

tl:j'
ft.1'/ + I possible actions, optimal
liral policy to the (M * d)-process

fuE O(x, M + ,). This assertion and

EXAMPLE: THE DETERIORATING CASI

relation (2.7) imply that, for any M, 6,

tD(x, M + 6) - @(x, M) > dE'(f"lx(O) : x). (11

(The expectation is conditional on tvo, but x(0) will be the only effective

conditioner for an optimal policy.) Relation (7) characterizes expression (6) as a

sub-gradient to O. It will then coincide wift the gradient of (D, wherever this
exists. But @, being convex, will have a gradient for almost all M, whence the

assertion of the Lemma. I
However, there will be no analogue of kmma 5.2 unless one can assert that

there is an optimal policy (for fixed r\4) which is a write-off policy. This is the real

conjecture, which is plausible, but for which there seems to be no direct proof. Its

value is that it leads to the conjecture iD : @, whose truth we established in
Theorem 4.1. This theorem also established optimality ofthe Gittins index policy,

so that there is indeed a write-off policy which is optimal.

Exercises

1. Show that for a write-off policy

El?"lw;: E[f"lx(0)],

and hence rhat AVIAM depends on I7o only through x(0).

2. Show that relation (3) is valid even if P(r' : 1 co) > 0 for some i'
3. Show that AO/,M fails to exist just at those values of M for which the optimal

policy changes and at which there is more than one optimal policy.

6. EXAMPLES: THE DETERIORATING CASE

To complete the treatment for individual cases one must now calculate the index

M,(x,) from one of the two characterizations of Section 3. Relatively few cases are

known in which an explicit formula for the index can be deduced, so one will often

have to resort to numerical solution of the optimality equation (3.1) for an

appropriate range of values of M. However, even if one is driven to numerical
solution at this point, the index result still represents an enormous reduction of
the original problem, as well as an essential insight.

In this and the following sections we review a number of cases for which the
index can be determined explicitly. The material ofSections 6 to 9 is due to Gittins
(t979\.

Theorem 6.1 (The deteriorating carrc). Suppose that 6t6t(t + 1), M) < 6r(r'(t), M)

for all M and for all (x,(t), x'(r + 1\) which occur with positiue probability Then

M.rr.r : Rl"J. (l)'t,^t,- I, A

lf this holds for all i then the Gittins rule is a one-step look-ahead tule.

219
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Define
νi (Xi ) = (1− β)Mi

In the case of no uncertainty

νi (Xi ) = sup
τ

(
τ−1∑
t=0

βtRi (Xi (t))

)
τ−1∑
t=0

βt
.

Gittins Index is a time-discounted average return.
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An alternate to Gittins Index is

νi (Xi ) = sup

E

(
τ−1∑
j=0

βjR(Xj(i), i) | X0(i) = Xi

)

E

(
τ−1∑
j=0

βj | X0(i) = Xi )

) .
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Applications: Job Search, Pandora’s Box and MillerJob Search:

(One Spell Model)

• Jobs last forever, no learning.

• Only issue is when to stop.

• This is a degenerate, single arm bandit.

• c = cost of playing machine.

• Xt = reward on tth trial.

• No learning implies Xt is independent and identically distributed
with cdF F (x) known to agent.
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V (X ) = max

X ,−c + β

∞∫
0

V (y)dF (y)

 (1)

Optimal policy: Search if X ∈ [0,R] reservation price is R :

V (X ) =

 R = −c + β
∞∫
0

V (y)dF (y) if X < R

X if X ≥ R
(2)

R is the value that makes a person indifferent between stopping and
continuing.
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This figure graphs the functional equation (1) and it reveals that the
optimal solution is of the form of (2) (see e.g. Sargent’s textbook
Ch. 6):

X

V(X,R)

R

450
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Solving for reservation wage:

using (2) we convert (1) into an ordinary equation in the reservation
wage:

R = −c + β

∫ R

0

RdF (x) +

∞∫
R

X dF (x)


R

∫ R

0

dF (x) +

∞∫
R

dF (x)

 = −c + β

∫ R

0

RdF (x) +

∞∫
R

X dF (x)


or

(1− β)R

∫ R

0

dF (x) = −c +

∞∫
R

(βX − R) dF (x)
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Solving for reservation wage:

adding (1− β)R
∫∞
R

dF (x) to both sides we have

R =
−c

1− β
+

β

1− β

∞∫
R

(X − R) dF (x) (3)

with unique solution for R . To see this, define

g(R) =
−c

1− β
+

β

1− β

∞∫
R

(X − R) dF (x)
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Solving for reservation wage:

with

g ′(R) = − β

1− β
[1− F (R)] < 0

g ′′(R) =
β

1− β
F ′(R) > 0

the optimal reservation wage satisfies, from (3)

R∗ = g(R∗)
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Solving for reservation wage:

g(R)

R

R

R, g(R)

R
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Pandora (Weitzmann, Econometrica, May, 1979)

• N different occupations (or N college majors) each yielding an
unknown reward

• Each occupation has its own search cost ci and independent
probability distribution Fi for the reward Xi

• Occupations are sampled sequentially, in whatever order is
desired. When it has been decided to stop searching, only one
occupation is accepted, the maximum sampled reward.

• Under this formulation, what sequential search strategy
maximizes expected present discounted value?
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• Pandora’s problem: At each state Pandora must decide
wheter or not to open a box. If she chooses to stop searching,
Pandora collects at that time the maximum reward she has
thus far uncovered. Should Pandora wish to continue sampling,
she must select the next box to be opened and pay ci
• Solution:

• Compute Reservation Price for each box

• Try jobs with highest R∗i ’s

• Keep trying until one gets Xt(i
∗) ≥ maxi{R∗i }

(i.e. keep going until you get a realization ≥ sampled values).
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Proof: Compute reservation prices for each occupation Ri(xi).
Consider occupation i . If occupation i tried, then Xi is known. For
an i -th occupation with known trial,

Vi(Xi ,R) = max [R ,Xi ] .

Therefore, Ri(Xi) = Xi . Thus, the reservation price for a sampled
occupation is just the wage realized.
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For an untried occupation,

Ṽi(R) = Vi(−ci ,R)

= max

R ,−ci + β

∞∫
0

Vi(y ,R) dFi(y)


= max

R ,−ci + β

Fi(R)R +

∞∫
R

y dFi(y)
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Reservation wage is the smallest value of Ri such that

Ri = −ci + βRiFi(Ri) + β

∞∫
R

y dFi(y)

∴ Ri = − ci
1− β

+
β

1− β

∞∫
Ri

(X − Ri) dFi(y)

as in the above search model.

Heckman Gittins Index, January 12, 2021 3:01pm 43 / 64



Gittins Index Formulation Gittins Index Optimality Example Interp/Ext Miller’s Model

Consider a binomial case with β = 1 (no discounting):

Xi = 0 wp. (1− pi)

Xi = ri wp. pi

and Ri satisfies

ci =

∞∫
Ri

(X − Ri) dFi(X )
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2 cases:

• If Ri = 0, then

ci =

∞∫
0

X dFi(X ) = pi ri .

No reason for this to be satisfied in general. Therefore,

• We assume Ri ∈ (0, ri ]

ci =

∞∫
Ri

(X − Ri) dFi(X ) = pi ri − Ripi

∴ Ri =
pi ri − ci

pi
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• Thus, take two projects with equal expected value (pi ri − ci).
The project with lower expected probability of reward is the one
to try (go for riskier project). Why? Suppose costs are the
same. Then ri is higher, since pi is lower.

• Suppose that rewards are the same. But costs being lower
implies that pi is lower (trying less costly combo).

• No further learning.
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Theorem: Suppose that X1, . . . ,Xn is a r.s. from a normal
distribution with unknown mean W and precision r = 1/σ2.
Suppose that the prior distribution of W is a normal with mean µ
and precision τ = 1/σ2

p, −∞ < W <∞, 0 < σ2 <∞, and
0 < σ2

p <∞.Then the posterior of W when X = Xi (i = 1, . . . , n)

is normal with mean µ′ and precision τ + nr , where

µ′ =
τµ + nrX

τ + nr
.
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Proof: (obvious)
The likelihood of the normal r.s. X1, ..Xn is proportional to the
likelihood of the sample mean X

fn(X1, . . . ,Xn/W ) ∝ exp

[
− r

2

n∑
i=1

(Xi −W )2

]

∝ exp
[
−nr

2
(X −W )2

]
Prior

f (W ) ∝
[
−τ

2
(W − µ)2

]
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Posterior proportional to prior times likelihood:

τ(W − µ)2 + nr(W − X )2 = completing the squares....

= (τ + nr)(W − µ′)2 +
τnr(X − µ)2

τ + nr

f (W | X ) ∝ exp

[
−
(
τ + nr

2

)
(W − µ′)2

]

µ′ =
τµ + nrX

τ + nr

As n→∞, we weight sample mean more and more strongly over
time.
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Note

E (µ′) =
τµ + nrW

τ + nr

Var(µ′) =

(
τ

τ + nr

)2
=0︷ ︸︸ ︷

Var(µ) +

(
nr

τ + nr

)2

Var(X )

=

(
nr

τ + nr

)2(
1

nr

)
=

nr

(τ + nr)2

As n→∞, Var(µ′)→ 0. Monotonically decreasing in n.
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Miller’s Model
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• N independent occupations

• Reward
i=1,...,N

: rt(i) = ηi + σ(i)εt(i).

• When we try each occupation we learn more. We assume εt(i)
is independent and identically distributed normal.
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Suppose that worker’s prior beliefs about match ηi are normally
distributed.

ηi ∼ N(γ0(i), β2
0(i))

Precision is

P0(i) =
1

β2
0(i)

.

After one trial on the job, the posterior mean is

γ1(i) =
γ0(i)P̄0(i) + Pσ2r1(i)

P0(i) + Pσ2

P (1)(i) = P0(i) + Pσ2 .
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Keep going. After τ periods on the job,

γτ (i) =
γ0(i)P̄0(i) + (r̄τ )(τPσ2)

P̄0(i) + (τPσ2)

where

r̄τ (i) =
1

τ

τ∑
j=1

rj(i) τ > 0

P̄(τ)(i) = P̄0(i) + τPσ
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Note several features. How much learning takes place?

γτ =
γ0(i)P0(i) +

(∑τ−1
j=1 rj(i)

)
Pσ2

0

P0(i) + τPσ2
0

+
rτ (i)Pσ2

0

P0(i) + τPσ2

=

[
P(i) + (τ − 1)Pσ2

0

P0(i) + τPσ2
0

]
γτ−1(i) +

rτ (i)Pσ2
0

P0(i) + τPσ2

=

(
1−

Pσ2
0

P0(i) + τPσ2
0

)
γτ−1(i) +

(
Pσ2

0

P0(i) + τPσ2

)
rτ (i)

Change in mean small. Thus, learning vanishes (noise component being small).
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• Now the model is in the form of a Gittins Index Problem.
Theorem 1 applies. Every period choose the job with highest Ri

• We update density P(dy | X (t)).

X (t) = [γτ (i), P̄τ (i)].

• Therefore, Markov full state description.

• Conditional distribution of γτ | γτ−1 is

N

(
γτ ,

(
τPσ2

[P̄0(i) + τPσ2]2

))
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Then, the value function at time t for a given R is

V (X (t),R) = max[R ,

∞∫
−∞

V (X (t + 1),R)P(· /X (t))]

where

X (t) = [γt(i), P̄t(i)]

V (X (t),R) = max


R,
∞∫
−∞

V

((
1-

[
Pσ2

0

P̄0(i)+tPσ2
0

])
γt(i) +(

Pσ2
0
rt+1(i)

P̄0(i)+tPσ2
0

)
, P̄0(i)+(t+1)Pσ2

0 ,
,R

)
f (r) dr


where r is normally distributed:
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Procedure

For a fixed R , solve for V (solve fnl. equation). Then find

R = β

∞∫
−∞

V (X (t + 1,R)P( · | X (t))

• Intuitively, the Gittins index for any job Ri is just the sum of its
expected return plus a term which represents the value of the
job as a source of information about itself.

• The algorithm for computing Ri is based in 2 stages: first find
the value function and then find Ri
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• Take a simple search model.

• What is the expected value of the search?

• The only cost is the time foregone:

V = Emax
[x
r
,V
]

= β

[
V

∫ V

−∞
dF (x) +

∫ ∞
V

x dF (x)

]

= βV + β

∫ ∞
V

(x − V ) dF (x)
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V (1− β) = β

∫ ∞
V

(x − V ) dF (x)

• When you raise the value of the search, you raise

rV =
β

1− β

∫ ∞
V

(x − V ) dF (x).
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• Take a normal distribution and add variance to it.

• You raise the value of the search, V .

• If you reduce the variance, you reduce the value of the search.

• Note that as you pull mass toward the upper tail, you are
better off!
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• But as you learn more, reserve value shrinks:

rVt =

(
β

1− β

)∫ ∞
rVt

(X − rVt) dFt(x).

• Thus with learning, Vt ↓ , but the mean doesn’t change much
at all.

• You shop around less and less.
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• Take a population with mean and variance give by 1.

•
Yn = N

(
0,

τ + n

τ + n − 1

)

σ2 =

(
τ + n

τ + n − 1

)
∂σ2

∂τ
=

1

τ + n − 1
− τ + n

(τ + n − 1)2

=
(τ + n − 1)− (τ + n)

(τ + n − 1)2

=
−1

τ + n − 1
< 0
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• Thus,

τ ↑⇒ σ2 ↓ .

• Raise n to get

∂σ2

∂n
=

1

τ + n − 1
− τ + n

(τ + n − 1)2
=
−1

( )2
< 0.

• Thus variance of Yn is decreasing in τ and n:

σ2
YN
↓ as n ↑ .
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