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General Framework for Understanding Selection and Sorting
in the Labor Market
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Roy (1951)

The wage W; of individual /:
W; =7'S;

e S is a vector of skills

® 7 is a vector of prices.

Implications for inequality and sorting?
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® Models comparative advantage: Compositional
effects/selection models. People respond to skill prices in
different sectors (different prices of the same skill) by moving
to the sector that gives the highest return. (e.g. the
Generalized Roy model). The population distribution of skill is
unchanged.

® Requires that the skill prices can differ between
sectors (hedonic models).

® Uncertainty.
® The Roy and the Generalized Roy models of selection under
comparative advantage and can be (and have been) applied to

a wide range of settings such as labor supply, search models,
immigration, etc.
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Basic Framework

® Agents possess advantages in tasks associated with sector j,
JjeJ.

They get an income Y; for participating in sector j.

(Y;,; for agent i)

There may be a cost C; of participating in the sector
(G, for person i).

A one-period model (will extend to multiple periods later)

When making their choices, they are uncertain and have
information set Z,.
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For notational simplicity, drop the i subscript.

Agents select sector j such that

J = argmaxE {{Y; - G} | T}
JjeJg

® Toss a coin in the event of a tie.

Ties are often assumed away as negligible events (i.e., absolute
continuity is assumed).
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® Ex post agents may regret their choices.
Eg.,

Yj— Cj<0
or even

(V5= G) < (Yi = Glieniy
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Normal Roy Model Results on Observed Wages

® The Yj can be a variety of outcomes.
Examples:

@ Different labor force states (work, not work)
and C; is cost of working

e.g., Y1 = value of market time

Yo = value of home production

soif G;=0and G =0
Y1 is the market wage
Yo is the reservation wage
Reservation wage can come from
@ Search Theory (see, e.g., Shimer, 2010)
@ Value of Time in the home (see, e.g., Heckman, 1974;
Mulligan and Rubinstein, 2008)
® Earnings in different countries
(Borjas, 1987)
Heckman
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©® Earnings in different occupations
(Miller, 1984; Jovanovic, 1979a,b; Pavan, 2008)

O Earnings at different schooling levels
(e.g., Willis and Rosen, 1979; Keane and Wolpin, 1997
Heckman, Lochner, and Taber, 1998; Johnson, 2013;
Heckman, Humphries and Veramendi, 2018.)

O Randomization bias (Kline and Walters, 2016)

Under the earnings interpretation, let 7; be the price of skill j
(the rental rate or the return)

The quantity of skill j is S;

Y; = m;S; (gross earnings)
* Y, — G =mS; — G (net earnings)
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® Framework is also the basis for the modern treatment effect or
“causal effect” literature.
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Two Potential Outcome Model: Generalized Roy Model

Yi=m(X)+ U u(X)=E(Y1]X)
Yo=po(X)+ U po(X) =E(Yo | X)
C=pe(2)+Ue  pe(2)=E(C|2)
Net Benefit: I =Y, — Yy —C
/ :gl(X) — po(X) — uc(ZZerl — Uo— Uc

v~

1i0(2) Y

(UO7 Ula UC) AL (X?Z)
E(Uo, Us, Uc) = (0,0,0)
V1L (X,2)

“1L" denotes independence
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Canonical Roy Model

Two sectors s € {1,2}

Assume (for simplicity) perfect information
e Assumes normality for (Y, Y7)|| X

Sets C; =0 and C; = 0 (Roy model)

For simplicity assume that (U, U;) 1L X

Heckman Generalized Roy Model, January 12, 2021 1:29pm 12 /177
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The Roy Model

Two sector Roy model. (sectors j € {1,2})

Income maximizing agents possess two skills $; = s; and
S, = s, with associated positive skill prices 7, and 7.

Skills are scalar (for now)

Agent chooses sector 1 if his earnings are greater there

Wiy =Yo=mS
W1 = Yl = 7T151
7T151 > 7T252

Proportion of the population working in sector one,

Pl = Pr(7r151 > 71'252

m151/ 72
P1 = / / 51,52)d52d51

Heckman Generalized Roy Model, January 12, 2021 1:29pm
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Density of skill employed in sector one differs from the population
density of skill. (selection problem)

The latter density:

fl(sl) - /OOO f(Sl, 52)d52. (22)

Former density:

1 w151/ T2
g(51 |’/T1$1 > 7T252) = F/ f(51,52)d52 (23)
1Jo

Density of earnings in sector 1 (using wy; = m15;):

1

Py

gi(w) =

wy /T2
/ F(wy /71, 5)d5) (2.4)
0
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Similarly, the density of skill employed in sector 2 is:

1 moSy /1
g(52 |7T252 > 7T151) = F/ f(51,52)d51
0

2

The density of earnings in sector two is:

1 w2/ w:
gz(Wz) = / f(Sl, —2)d51
T2

Py

The overall density of earnings is:

g(w) = Pigi(w) + Pga(w)

Heckman Generalized Roy Model, January 12, 2021 1:29pm
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Set7r1:7T2:1

Take logs: Partitions of (In S, In S;) space:
Line of T/mh{'fm'mm\
People Select Sector 2
InSy -
People Select Sector 1
e
InS;
Line of Equal Income:
InS; =InS;

Question: How does sorting determine the distribution of

observations on In S, 7
Heckman Generalized Roy Model, January 12, 2021 1:29pm 16 / 177
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Normal Roy Model

(ln 517 In 52) ~ N(,ul,,ug, Z)

E(In5) = p
InS; = + U
=W =Inm+p;+ U, j=1,2

(o)~n(o-[om o))
U, 0| o1 02

Heckman Generalized Roy Model, January 12, 2021 1:29pm
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Define
o = [Var(Uy — Uo)]Y? = Vo11 + 02p — 2012
™ *
a = (In(=2) + 1 — pi2) /™.
2
Define:

t
1 —q2
Cb(t):/ ﬁﬁerq
Pi=P(InWi>In W) =1-d(—c) = (c)

Choice equation (can be of very general functional form)
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Line of Indifference:

InWl—an2:|n(?)+u1—,u2+U1—U2
2

L=U — U,
¢ = In(my/m2) + p1 — po.

E(In Wl | In W1 —In W2 > 0) (32)
:|n7r1—i—u1+E(U1 ‘ L> —Cik)

~
Selection Bias Term

Heckman Generalized Roy Model, January 12, 2021 1:29pm 19 /177
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Selection operates through the dependence between U; and

(U, — Uy).

More generally through the unobservables in the In W; and the
decision equation. (I = Y, — Y; — (G — G))

Observe Y2 if Y1— Y1 — (G —G) >0
(Censoring condition and Y5 is a censored random variable)

Observe Y; otherwise

Heckman Generalized Roy Model, January 12, 2021 1:29pm 20 / 177
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® Much of the empirical literature uses normality or modest
departures from it.

® Huge nonparametric and semiparametric literature. (Powell,
1994, and Matzkin, 2012)

e Under normality the dependence between U; and (U; — Us) is
simple to characterize.

® \We observe
Yi=m + U

if Uy — Uy > —(Inmy — Inmp) — (11 — p2) (selection equation)
® Selection equations conveys revealed preference information
and what agents act on.

U; generates observed Y;.

Heckman Generalized Roy Model, January 12, 2021 1:29pm 21 /177



Define:

Var(L) = E(U]_ - U2)2

= 011 + 022 — 2012,
("),
L ~ N(O, (c*)?).
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e (Conditional expectations of normal variables are linear.
U1 = alL + V1 (33)

where:
Y, Cov(L,U1) 011 — 01
YT Var(l) T (0%)?
® The dependence between U; and L the whole source of
selection and sorting.

® As a consequence of normality, V; is independent of L
(not generally true).
E(Vl) =0 and Var(Vl) = 0'11(]. — p%)

B Cov(L, Uy) _0u — 0w
PL= (Var(L)Var(Uy))/2 (U*)Uif |

Vi ~ N(0,011(1 — p7))
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As a consequence of (3.3) and V; L L, from (3.2):

E(U1|U1 — Uy > —Cik) = E(U1 ’L > —Cik)
=aE(L|L > —¢])

since E(Vi|L > —¢)=E(V4) =0
because L and V; are independent.

Normalizing by o*, we define: Z; = L/o* and ¢; = ¢ /o* where Z;
is a unit variance mean zero normal variable. Then:

E(L | L> —Cik) = O‘*E(Zl |Zl > —C]_)
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Collecting results:

E(In Wi | In Wi > In Wg) (34)
=Inm 4+ 111 +31E(L ‘ L> —Cik)

011 — 012

—Inm + 1 + (W) (0 VE(Z | ZL > —c1)

ag — g
=Inm + p1 + (%) E(Zi| 21> —a)

Var (Uy | Uy — Uy > —¢f) (3.5)
= Var(aiL+ Vi | Uy — U, > —¢y)

= Var(aiL | Uy — Uy > —¢7) + Var(\V4)

=asVar(L| L > —c) + Var(Vy)

= (a10")*Var(Zy | Zy > —c1) + Var(Vy)
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Using (a10%)* = ou1p3:

Var (In Wy | In Wy > In W) (3.6)
= Var(U1 | U1 — U2 > —Cik)
=011 {prar(Zl | Zl > —Cl) + (1 — p%)}

Characterizing bias is simplified by well known properties of the
truncated normal.
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Link to Properties of Truncated Normal Slides
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Censored Random Variables

_ Generalized Roy Model, January 12, 2021 1:29pm



Intro The Roy Model Normal Roy Model Normal Roy Model Results on Observed Wages

[llustrating Properties of the Censored Normal Model

Bivariate Normal variable:

Y 0 1 p
SOELICRIRT)
=Y =pl+v; VNN(O,l—pZ)
| 1L v =1 1L v, due to normality.

(Y|l >0)=(pl +v|l >0)=p(I|/l >0)+v

E(Y|l >0)=E(pl +v|l >0)
= pE (I]1 > 0) = pA(0)
Var (Y|l > 0) = Var (pl + v|l > 0)
= p*Var (I|1 > 0) + Var(v).

Heckman Generalized Roy Model, January 12, 2021 1:29pm
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(Y My 1 p
Suppose.( / )NN</M ’{p 1])

=Y —puy=p(l—w)+v; v~ N(0,1-p%
The rest follows as above.

In our previous analysis, Y = U; and | = U; — U>.
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Heckman

p.df.of Y conditional on | >0;[Y,l ]~ Standard Normal

Normal Roy Model

Censored Standard Normal Density Function
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Censored Standard Normal Density Function
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Censored Standard Normal Density Function
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Censored Standard Normal Density Function
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Normal Roy Model Results on Observed Wages

Using Equation (3.4) and the results previously established:
E(ln W1 | In W1 > In W2) (41)

g — 0
= Inmy+p1 + (110—*12) M—a).

Parallel expression for skills:
E(In 5]_ | In W]_ > In Wg)
= Ui+ (%) )\(—Cl).
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2

Now 0 < Correl?(In S,In S,) = T2 < 1, so that:
011022

o o
0<( 12)(12><1
011 022
Both terms in parentheses cannot exceed one.

Thus if 011 < 012 SO that 1 < th 2 < 1.

011 022

l.e. if 011 — 012 S O, then 020 — 012 Z 0.

Both sectors cannot display negative selection.

Heckman Generalized Roy Model, January 12, 2021 1:29pm
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The effect of an increase in m; on mean skill in sector 1
Differentiate with respect to ;.

011 — 012

E(InSy | InWy > InWa) = pn + () A—a)
with respect to 7.
8E(In 51 | In W1 > In Wz) _ _(0'11 — 0'12))\,(_C )
Jlnm (0%)? A/
+

In 72+ 1 — 2

O-*

where ¢; =
This is negative if 017 — 012 > 0, positive if 017 — 015 < 0.
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When Do We Get Negative Selection in Sector 27
Arises if O < 0120 < 011
Example: Set m; = m
e D— 1(|n51 > In52)

® 0y <o <o

® 1= p2

Heckman Generalized Roy Model, January 12, 2021 1:29pm 38 /177
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In .Sy
In Sy

L= = [

Densities of InS; and In S,

Heckman Generalized Roy Model, January 12, 2021 1:29pm 39 /177
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® People selected into S, are below average in 2.

® People selected in S; are above average in 1.

Heckman Generalized Roy Model, January 12, 2021 1:29pm 40 / 177
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Consider Case With Perfect Correlation
In51 = Z—:;IHSQ

Perfectly Stratified Society

Se 5y
Allin Sector 1%
/ 7 Line of Equal Income:
/ Coincides with ¢, o
’ A
o,
’ 0< 2 <1
’ Oz

’ -
’
’ -
“ .
s Allin Sector 2

Y 45°

Ins,

2

Ins,

2
\ Indifference Endowment

Allin Sector 2
/

Allin Sector 1
N

® iy =pp=0andm =m=1
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Case of Perfect Correlation With 75 1
= 72InS;

In51

Normal Roy Model

Perfectly Stratified Society

InS,

1
Allin /

o
12 5

2
™ New Line of Equal Income

Line of Equal Income
Sector1 7 _
N mam
) 0< 2 <1

'022
-
-
-

“
-
- \A\I\n Sector 2

Y Initially

Move to Sector 1 Ins,

Line of Equal Income for %,
InS,=Inm",+InS,

® y=pp=0andm =115 >1
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A
These people workin S, (and A Equal Income Line for 11, =11,
proportion t as S, 1)
Goto
Sector 1
012>022
These S, people work in
Sector 1 (and proportion |
Goto || asS,1)
Sector 2 _
InS, -
’ O - 0,0,
& -
(,)e _ -
T <>° -7
_ - - iGoto Sector 2

InS

2

InS; = py + "12(/n52 — ) + 11
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® 02 <012 <011

® Top S, tend to work in Sector 1

® |f price of Sy, ™ T, what happens?
e High S, now go into sector 2

® Wage growth consists of 2 components:

® Growth in price and growth in average skill quality (a selection
effect)
O Increase in .

® A 10% increase in m produces a > 10% increases in
E(In Wa | In Wa > In W),

® A 10% increase in m; produces a < 10% increase in
E(In Wl ’ In W1 S In Wz)

® Exercise: Prove these claims.

Heckman Generalized Roy Model, January 12, 2021 1:29pm 45 / 177
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e Mulligan and Rubinstein (QJE, 2008) use this fact to explain
rising wages of women as a selection effect
(need variance in market sector < variance in nonmarket sector)

e First evidence on this is Heckman (1980)

Heckman Generalized Roy Model, January 12, 2021 1:29pm 46 / 177
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® Question: Under what conditions (in general) can an increase
in my(m1 1) reduce
E(In Wi | In Wy > In Wa) and E(In W5 | In W, > In W4)?

Can occur if 097 — 012 > 0 and 09 — 012 < 0 and

<%) N(-c)>1, (+)

since In Wy = p1 + In7q, and

OE(In W1 | In W1 > In W2) (0'11 — 0'12) ’
AT o)y
oln e e
E(ln W5 | In W. In W, —
OE(In W | In Wa > In W) = (022 Ulz)X(cl), because
dlnmy (0%)?

E(In Wy | In Wy > In W)

O — O
= Inmy + po + {u} A(cr).

(%)

Heckman Generalized Roy Model, January 12, 2021 1:29pm 47 /177
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Intuition:

® We have positive correlation between 1 and 2 and best 2 work
in 1.

® The selection when m; increases in value is to further reduce
the average quality in sector 1.

® Quality might fall enough to offset the rise in price.

Heckman Generalized Roy Model, January 12, 2021 1:29pm 48 / 177
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Now for condition (x) to arise, a necessary condition (since
XN(c) € [0,1] V¢, by fact (P-8) is that

011 — 012

> 1.
(011 — 2012 + 022)2

But we can choose parameters that satisfy it and make \ big
enough (vary the means) so that it is possible to have an increase in
prices in one sector leading to a reduction in average wages paid in
both sectors.

Heckman Generalized Roy Model, January 12, 2021 1:29pm 49 /177
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Results for the variance in sector wages.

From Equation (P-2) and the facts for A(c), we get:

Var (In Wy | In Wy > In W) (4.2)
= ou {pill — aM-a) - N(-a)l+ (1 -r)}

As 71 increases, VarIn(W; | In Wi > In W,) increases (to o11).

(The term in parentheses goes to 1).

Heckman Generalized Roy Model, January 12, 2021 1:29pm 50 / 177
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Relationship between In(S;) and In(S;)

In5; = + U
InVVJ-:|n7rJ-+uJ-+UJ-, _]:1,2

(Uplh) ~ N(0,Z) = N ( 8 | { o o D

012 022
= (|n51,|n52)~N(’u17{011 0'12:|)
M2 012 022
Inmy + g 011 012
= (InWy,InW,) ~ N ,
( ! ?) ( In 7o + 1o 012 022
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Definitions:

of = \/ Var(U1 — Uz) = (0’11 “+ 09 — 20'12)1/2
Inmy —Inmo + py — pio
o* '

&]

The probability of working in sector 1 is given by:

P1 = P(InW1>|nW2)
B ¢<In7r1—|n7rg+,u1—,u2)

O—*
= ¢ (a)
In7my —Inm + 1 — p2
0—*
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Probability of Working in sector 4
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o i
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Q 4
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Heckman

Probability of choosing sector 1

Probability of Working in sector 1

c, =4

___01:3
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---°1:1
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Some Examples:
Observe that for the normal case we have

Y1 ON | Yvivi vy
/ 1T Y, Xy

. Iy ‘|’ZYI(ZII)_1 (I =), }
Yill =i ]~ N ! ! _ )
[ 1| ] |: ZY]_Yl - ZYII (Z”) ! ZIY]_
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So the conditional variables can be written as:

|n51 = PInSg (|n51)+'PL|n52 (|n51)
= E [ln 51| In 52] -+ (|n 51 —E [In 51‘ In 52])

012
= M1+—(|HSQ—M2)+V1
022

vi ~ N(0,011 (1—p2)); p = corr (Uy, Uy)

o
= In51:u1+0—12(|nW2—u2)+v1
22

= |nW1:|n7r1+u1+g(|nWg—,uz—lmrg)+v1
022

Heckman Generalized Roy Model, January 12, 2021 1:29pm 56 / 177



Intro The Roy Model Normal Roy Model Normal Roy Model Results on Observed Wages

Model:

InS; = pi+ U
InW,- = |n7r,-—|—u,-—|—U,-, I:1,2
o O 4 012
oy ~ mem=n( 02 )
012 = 05 or 1.9
In 7y B 0 or -0.5 or 0.5
In 7y - 0 0 0
These graphs show the effect of 0y — 015 < 0 and g5, — 01> > 0 for

selection of people into sector two (negative and positive selection,
respectively).
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Simple Model of Schooling

Y1 = lifetime income from college
Yy = lifetime income from high school
S =1: go to college
S=1(Y1— Yo > 0) : Pure Roy Model

Y1 =X161+ U
Yo =XoBo + Uo

® (Can estimate (1, By and variance of Ui, Uy.
e Can we estimate Cov(Uy, Up)?

Heckman Generalized Roy Model, January 12, 2021 1:29pm
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Extended Model
® Psychic costs C.

C=Zy+V
S=1X161 — Xofo—Zy > —Us + Uy + C)

Roy Model

® Can we identify 47 Variance of V7
e Cov(Ui ), Cov(Us, V), Cov(Uy, V1)?
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Marginal Probability Density Function (PDF) of In .Sy, In S,

e Marginal PDF of In(S l); N(O,cu) Sy =4

= Marginal PDF of In(S ,);N(0,0,,) 6,, =1 |

o
s
T

Probability Density Function
o o
[N w
T T

01r

0 . . .
-8 -6 -4 -2 0 2 4 6 8
InW1 T, = 0, u = 0, S =4, S, =1, In(nl) =0, In(nz) =0

InS; =1In(py) + Us; InSy =1In(py) + Us;
Uy N 04 o). |#]|_ |0
U, T\0 o 1 s | |0
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Graph of In S} = f(In S3)

5 : : I
Equal Income In(n1) =0, In(nz) =0
ol Cond. Exp. 612/(522 =0.5 |
- Cond. Exp. 012/022 =19
+ Cond. Density of v, atInS,=1.5
= gl Cond. Density of v, atnS =2
UI)N
£
a
o 2f i
N
L
+ /
= Ar ]
n
o
£
0 4
-1 L L L
0 0.5 1 15 2 25 3

Insz; p2=0, Hy =0 S =4 022=1

InSy =gy + 22 (In Sy — py) + 04

022

Parameters:

011012 4 019 |1y 0
= s = ; 012 =0.5, 1.9;
le ‘722] [‘712 1 } ' [”2] [0} o '
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InS1 =y, +(012/622)(In82- u2)+v1

Graph of In S} = f(In S3)
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Equal Income In(n1) =0, In(nz) =0

ol Cond. Exp. 612/622 =0.5 |
Cond. Exp. 012/022 =19
Cond. Density of v, atInS,=1.5

3k Cond. Density of v, atln82:2

0 05 1 15 2 25 3
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022

Parameters:
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Graph of In S} = f(In S3)

4
| In(S,)=In(S )
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In Sy = iy + 22 (InSp — pi5) + vy
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Proby = Pr (W, < Wa|In S, = 4) = Pr. of Working at Sector 2
Parameters:
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Theorem 1 For any random assignment of persons to sectors, a
Roy economy with the same proportion of persons in
each sector as the random assignment economy has
lower variance in log earnings provided some individuals
are assigned to each sector.

Proof: Heckman and Honoré (1990).1

Heckman Generalized Roy Model, January 12, 2021 1:29pm 160 / 177



Intro The Roy Model Normal Roy Model Normal Roy Model Results on Observed Wages

Skewness

We also look at one result for the skewness of the sectorial wages.
We have expression for skewness of wage in sector 1 as:

Eﬁmwy—HMWHhNW>thW|MW1>MW*

= E{(a)’[L—E[L|L>)PIL>—c}
= (0 (VE{[Z - M-a)P1Z> —a}
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Theorem 2 : In a Roy economy, log earnings distributions are right
skewed as long as some positive fraction of the
population works in each sector.ll

Theorem 3 : The right tail of the Roy density of earnings f(w)
within sectors or in the overall economy are thinner
than Pareto tails from density g(w) in the sense that
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Summary of Normal Case

(i) Self-selection raises the mean of employed log skill 1 above the
population mean iy if 011 > 015.

(ii) Self-selection reduces the mean of employed log skill 1 below
the population mean p; if 017 < 012 (the “unusual case”).

(iii) The “unusual” case can arise in at most one sector.

(iv) In response to a 10% increase in w1, mean log wages in 1 rise
by more than 10%, 10% or less than 10% depending on
whether or not o3 ; o12. If 011 > 012, @ 10% increase in m;
may result in a decrease in sector 1 earnings.
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(v) In response to an increase in 71, mean log wages in 2 rise
unless the unusual case occurs in sector 2.

(vi) Self-selection reduces sectoral and aggregate earnings inequality
(measured by the variance of log earnings) compared to a
random assignment economy.

(vii) As 7y increases, the variance of log earnings in sector 1
increases and the variance of log earnings in sector 2 decreases.
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(viii) Self-selection produces right skewness in sector 1 log earnings
distributions if 017 > 015.
If 011 < 012 (the “unusual” case), sector 1 earnings
distributions are left skewed. Self-selection produces right
skewness in the aggregate log earnings distribution with the
exception of cases where all agents work in one sector.
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How General Are These Results?

® \What depends on normality and what does not?

e E(Z|Z > c) 7 cis general (as long as means exist).
® £(Z—c|Z>c)] cnot general.

® Var(Z —c | Z > c) ] c not general.

[ ]

But motivates widely used estimation strategies.

® | og concave random variables preserve this property.
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Properties of Truncated Normal Random Variable

1 t2

exp ——
& E(Z|Z>1t)= v2r 2 _ o A(t); A(t) >0 and
A(t) > t.

(1) o0~
& Var(Z | Z > t) = 1+ A(D)t — (A())?
=1+ \t)(t = A(¢))
=1—-E(Z|Z >t)E(Z—-t|Z >t)
& M=o

2 lim A(t) =0

t——o00

2 OX(t)

— >0 -0 < t<
ot
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&0< 8( ) =N(t)=AMt)(Mt)—t)<1l,—o0o<t<o0

& OPA\(t)/0t> >0, t<oo
oVar(Z|Z > t)
ot
® lim Var(Z|Z >t)=0
t—o0

<0, t<o

Heckman Generalized Roy Model, January 12, 2021 1:29pm 168 / 177



Intro The Roy Model Normal Roy Model Normal Roy Model Results on Observed Wages

® lim Var(Z|Z >t)=1
t——o00

® E([Z-X®)P|1Z>t)>0, t<oo
and tlim E[[Z-X?)P|Z >t]=0
—00
so Z is positively skewed if t < oo

® Mean of Z > mode of Z.
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Conditional p.d.f. of Truncated Z ~ N(0,1)

Normal Roy Model

Truncated Standard Normal Density Function
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Truncated Standard Normal Expectation

E(Z|Z>c)
N
T
N
L

N
0
T
N\
I

E[Z|Z>¢|; Z~N(0,1)
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Truncated Standard Normal Variance

[ ——var(ziz>c) = 1-(E@Z-c|Z>0)* EZ|Z>c]

0.7

0.6

0.5

var(z|z>c)

0.41

var(Z|Z > ¢);  Z ~ N(0,1)
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The Variance of a Truncated Standard Normal:

Var(Z | Z>t)=1—E(Z|Z > t)E(Z—t|Z > t)

E(Z|Z > t)
t

but: —last— o

= E(Z|Z >t) 00 ast— o0
E(Z—-t|Z>t)—0ast—
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0<Var(Z|Z>t)<1
=0<1-E(Z|Z>t)E(Z-t|Z>1t)<1
= -1<—-E(Z|Z >t)E(Z—-t|Z >t)<0
=0<E(Z|Z>t)E(Z—-t|Z>1t)<1

The following figures illustrate these properties.

Heckman Generalized Roy Model, January 12, 2021 1:29pm 174 / 177



Intro The Roy Model Normal Roy Model Normal Roy Model Results on Observed Wages

Truncated Standard Normal Expectations

\ E(Z|Z>c)
\ = = = E(Z-c|Z>c)

E(Z|z>0)
N
‘
rd
‘

1.5F N\ 1

-
L.
e, _—-
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-4 -3 -2 -1 0 1 2 3 4

E[Z|Z > ] and E[Z — c|Z > ¢]; Z ~ N(0,1)
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Truncated Standard Normal Expectations

2 T T T T T y A T
E(Z|Z>c)
ees E(Z-c|Z>c)

16F = = = E(Z|Z>c)*E(Z-c|Z>c) |
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