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I. Introduction
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• The performance of  teachers and schools is often measured by the 

standardized test scores of  their students. 

• For example, the Tennessee study of  randomized variation in class size in the 

early school grades uses gains in percentiles in nationally standardized tests to 

measure the gains in performance from smaller class sizes.

• South Carolina and Tennessee have begun measuring the ‘‘value added’’ of  

educators by measuring the gain in student test scores. 

• Public school administrators and teachers in Dallas, Texas, receive cash awards 

based on changes in average test scores.

• Test scores are interesting only to the extent that they predict some measure 

of  adult achievement such as educational attainment or wages. 

• This paper investigates the relationship between test scores and log wages.
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• We use the National Longitudinal Survey of  Youth (NLSY) to examine 

whether socioeconomic outcomes are a linear function of  test scores. 

• Log wages is our outcome of  interest. 

• The test scores we use are from the Numerical Operations and Math 

Knowledge subtests of  the Armed Services Vocational Aptitude Battery 

(ASVAB). 

• Using linear spline regressions, we find that the curvature of  the return 

function of  wages for test scores is nonlinear and varies dramatically 

depending on the test, the transformation of  the test score, and the age at 

which wages were measured. 

• Our findings imply that the average gain in test scores is an inadequate 

measure of  school performance.
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II. The Benefits of  Linearity For 

Estimating Value Added
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• Let 𝑦𝑖 be the socioeconomic outcome measure of  interest for individual 𝑖, 
where we assume that 𝑦𝑖 is a scalar.

• Let 𝑔 𝑥 = 𝐸(𝑦|𝑥) where 𝑥 is a vector of  test scores. 

• Let 𝑥0
𝑖 be the test score for individual I before the program and 𝑥0

𝑖 + Δ𝑖 be 

the test score after the program, so that the test score gain for individual 𝑖 is 

Δ𝑖 . 

• For example, the program may be a year of  schooling at the high school being 

evaluated, so that we are examining the gain in test scores for a particular 

individual spending one year at the given high school. 

• Then the expected gain in the outcome measure for individual 𝑖 is 

𝐸 𝑦 𝑥0
𝑖 + Δ𝑖 − 𝐸 𝑦 𝑥0

𝑖 = 𝑔 𝑥0
𝑖 + Δ𝑖 − 𝑔 𝑥0

𝑖 .
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A. Linear Outcome Function
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• If  𝑔 𝑥 is a linear function, we can represent it as 𝑔 𝑥 = 𝛼 + 𝑥𝛽, and we 

have

• Let 𝐹𝑥0,Δ denote the joint distribution of  𝑥0 and Δ and 𝐹Δ denote the marginal 

distribution of  Δ. 

• The average expected gain in the outcome measure is
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B. Nonlinear Outcome Function
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• If  the outcome function g(x) is not linear, then the average expected gain is

where 𝐹𝑥0+Δ is the distribution of  test scores after the intervention.

• To determine value added, it is no longer sufficient to know the mean test 

score gain; the school with the highest average test score gain would not 

necessarily be that with the highest average socioeconomic outcome gain.
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• Figure 1 is a graph of  a nonlinear outcome function. 

• This figure is based on empirical results that we discuss in the next section. 

• It shows our linear spline estimate of  the relationship at age 30 between log 

wages and the Numerical Operations percentile scores. 

• The outcome function has a slope of  0.015 for scores less than 25, and a 

slope of  0.004 for scores between 25 and 75. 

• Thus, a one-point increase in the scores for those in the bottom of  the test 

score distribution has an effect on log wages that is more than three times as 

large as the same one-point increase for those in the middle of  the test score 

distribution.
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III. Data Set
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• We use the National Longitudinal Survey of  Youth (NLSY) for our empirical 

analysis. 

• The NLSY is designed to represent the entire population of  American youth 

and consists of  a randomly chosen sample of  6,111 U.S. civilian youths, a 

supplemental sample of  5,295 randomly chosen minority and economically 

disadvantaged civilian youths, and a sample of  1,280 youths on active duty in 

the military.

• All youths were between thirteen and twenty years of  age in 1978 and were 

interviewed annually starting in 1979.

• For our analysis, we examine white men with valid test score data who are not 

currently enrolled in school and earn an hourly wage between $0.50 and 

$1,000 in 1990 dollars. 

• (All results of  this paper are reported in 1990 dollars.)6 Our resulting sample 

size is 3,528.
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Figure 1: Nonlinear Output Function
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IV. Analysis of  Test Scores
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• Figure 2 shows the sample densities of  the Numerical Operations raw scores.

• The distribution is skewed to the left. We do not plot the density of  the 

percentile scores, since it is uniform by construction.

• Figure 3 plots Numerical Operations raw scores versus Numerical Operations 

percentile scores. This figure indicates that the relationship between raw 

scores and percentile scores is approximately linear for raw scores between 21 

and 1.5. While the relationship is linear within this interval, it is highly 

nonlinear overall.

• Figure 4 shows the smoothed sample density of  the raw Math Knowledge 

scores. The distribution is left-skewed, although the left tail is small. Overall, 

the density is more uniform than the distribution of  Numerical Operations 

scores. 

• Figure 5 plots Math Knowledge raw scores versus percentile scores. Again, the 

relationship between raw scores and percentile scores is approximately linear 

for raw scores between 21 and 1.5, with the relationship nonlinear overall.
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Figure 2: Density of  Numerical Operations Raw Scores Kernel Density 

Estimate Using a Triangle Kernel and Silverman’s Optimal Bandwidth
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Figure 3: Numerical Operations Raw Score Versus Percentile Score
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Figure 4: Density of  Math Knowledge Raw Scores Kernel Density 

Estimate Using a Triangle Kernel and Silverman’s Optimal Bandwidth
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Figure 5: Math Knowledge Raw Score Versus Percentile Score
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V. Splines
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A. Numerical Operations Scores
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• In table 1, we examine the relationship between log wages and Numerical 

Operations percentile (NOP) scores for wages measured at odd-numbered 

ages 19 through 31. 

• (We delete the results for even numbers for the sake of  brevity.)

• We regress the age-specific log wage on NOP scores and indicator variables 

for the year and for the local unemployment rate.

• We depart from the common practice of  including years of  schooling, work 

experience, and job tenure as regressors. 

• (We use a reduced form to allow the effects of  NOP to work through these 

omitted regressors.)
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Table 1: Linear Splines Using Numerical Operations Percentile Scores
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Table 1: Linear Splines Using Numerical Operations Percentile Scores
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• In table 2, we repeat the analysis of  table 1 for Numerical Operations raw 

(NOR) scores. 

• For each age 21 or older, we find much larger slopes for the left tail, although 

the standard error is also consistently large. 

• The nonlinearity in the left tail is significant at the 0.10 level only for age 21. 

• The coefficient on the 75th-percentile knot is also sometimes large, although 

of  different signs for different ages, consistently has a large standard error, 

and is statistically significant at the 0.10 level only for age 23.

• We conclude that, for some ages, there is substantial evidence of  nonlinearity 

in the left tail of  NOR scores; however, the curvature is poorly estimated.
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B. Math Knowledge Scores
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Table 2: Linear Splines Using Numerical Operations Raw Scores



Heckman 29

Table 2: Linear Splines Using Numerical Operations Raw Scores
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• Table 3 repeats the analysis of  table 1, but for Math Knowledge percentile 

(MKP) scores. 

• For age 31, we find substantial evidence of  higher slopes (and thus 

nonlinearity) in both the left and right tails; the difference in slope between the 

middle and the tails is significant at the 0.05 level. A 1% increase in MKP 

score has a much larger effect for those with low or high scores. 

• For ages 23 to 29, we find the same pattern of  higher slopes in the left and 

right tails, but the difference in slopes is smaller and generally insignificant due 

to the large standard errors.

• We find very different results for the youngest ages: For ages 19 to 21, we find 

a lower slope in the right tail with the nonlinearity being significant at the 0.05 

level for age 21.
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Table 3: Linear Splines Using Mathematical Knowledge Percentile Scores
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Table 3: Linear Splines Using Mathematical Knowledge Percentile Scores
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• Table 4 presents similar results for Math Knowledge raw (MKR) scores. 

• For the oldest age (31), we find substantial evidence of  nonlinearity in both 

the left and right tails; the difference in slope between the middle and the tails 

is significant at the 0.10 level. 

• For this age, a 1% increase in MKR has a much larger effect for those with 

low or high MKR scores. 

• We generally find qualitatively similar but weaker results for ages 23 to 29, 

with the nonlinearity in both tails significant at the 0.10 level only for age 25.
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C. Sensitivity Analysis
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Table 4: Linear Splines Using Mathematical Knowledge Raw Scores
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Table 4: Linear Splines Using Mathematical Knowledge Raw Scores
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VI. Conclusion


