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1. Introduction
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2. MSE about the Technology of  Skill 

Formation
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2.1 The Technology of  Skill Formation
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• Let 𝑞𝑖,0 and 𝑞𝑖,1 denote, respectively, the stocks of  the human capital of  child 𝑖 at birth 

and 24 months. 

• Let 𝑥𝑖 denote maternal investments in the human capital of  child 𝑖 during the first two 

years of  the child’s life. Let 𝑥𝑖 denote shocks to the development process. 

• We assume that the technology of  skill formation assumes the following parametric 

specification:

• The translog parameterization in equation (1) is particularly convenient to make 

progress on the elicitation of  MSE about the technology of  skill formation. 

• To see why, let ℋ𝑖 denote the mother’s information set.

• According to the technology function denoted in (1), it follows that:
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2.2 Motor Social Development Scale
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• For each child 𝑖 and MSD item 𝑗, we define the latent variable 𝑑𝑖,𝑗
∗ according to the 

following specification:

• Let Φ denote the cumulative distribution function (CDF) of  a normal random variable 

with mean 0 and variance 1. 

• If  we assume that 𝜂𝑖,𝑗~𝑁(0,1) it follows that the probability that child 𝑖 can perform 

MSD task 𝑗 is equal to:
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2.3 Instruments to Elicit MSE
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• Figure 1 presents the survey instruments in detail. 

• Panel A reproduces the elicitation items we use in the subjective probability form. 

• Panel B shows the exact elicitation items in the age ranges form. 

• Panel C presents the four scenarios of  human capital at birth and investments. 

• For the study participants, we showed a five-minute video that described the scenarios 

before answering any questions.
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Figure 1

Notes: This figure provides detailed information about both forms of  the elicitation instrument. Panel A

reproduces the elicitation items in the subjective probability form. Panel B displays the elicitation items in

the age range form. Panel C describes the scenarios of  human capital at birth and investments. The study

participants watched a short video describing these scenarios.
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Figure 1, Cont’d

Notes: This figure provides detailed information about both forms of  the elicitation instrument. Panel A

reproduces the elicitation items in the subjective probability form. Panel B displays the elicitation items in

the age range form. Panel C describes the scenarios of  human capital at birth and investments. The study

participants watched a short video describing these scenarios.
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2.4 Estimation of  Expectation of  Child 
Development
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• We explore the IRT model to derive an error-ridden measure of  maternal expectation 

of  the natural log of  development at age 24 months, ln 𝑞𝑖,𝑗,𝑘
𝐿 , from the reported 

probability 𝑝𝑖,𝑗,𝑘
𝐿 . 

• To do so, we invert equation (4) and solve for 𝜃𝑖,𝑗,𝑘
𝐿 :
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• The thick solid curve in Figure 2 shows the prediction from the IRT model for the 

MSD item, “speak a partial sentence of  three words or more.” 

• The horizontal axis in Figure 2 shows the natural logarithm of  the child’s age (in 

months), while the vertical axis shows the maternal subjective probability that a child 

will “speak a partial sentence of  three words or more.” 

• We use the IRT model to transform the subjective probability that the mother reports 

into the corresponding natural log of  age—the scale that we use for human capital at 

age two.
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Figure 2

Notes: This figure shows how we use the IRT model to relocate and rescale maternal subjective probability reports (shown in the 

vertical axis) to error-ridden measures of  the expectation of  the natural log of  human capital at age two years (shown in the 

horizontal axis) for two scenarios of  investments (“high” vs. “low”) when human capital at birth is “high.” When the investment 

is “low,” the mother reports that there is a 25% chance that the child will learn how to speak a partial sentence with three words 

or more by age 24 months. When the investment is “high,” the mother reports that the probability is 75% by age 24 months. 

These probabilities correspond to 2.75 = 𝑙𝑛 16 and 3.076 = 𝑙𝑛 22, respectively. According to the IRT model, 25% of  the 16-

month-old children and 75% of  the 22-month-old children speak a partial sentence with three words or more.
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• To infer the respondent’s subjective probability that the child will learn how to speak 

partial sentences by age 24 months, we need to construct how the probability varies 

with age. 

• In the analysis of  the age-range data, we use the mother’s answer to estimate a mother-

scenario specific IRT model along with the parameterization used in equation (3). 

• Indeed, let 𝑑𝑖,𝑗,𝑘
∗ denote the latent variable that is determined according to:

where the shock 𝜂𝑖,𝑗,𝑘 is normally distributed with mean zero and variance one.
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• If  we combine the model in equation (6) with age ranges provided by the respondent, 

we conclude that, according to respondent 𝑖, the probability that the child will learn 

how to do MSD task 𝑗 in scenario 𝑘 when 𝑎𝑖,𝑗,𝑘 = 𝑎𝑖,𝑗,𝑘 is:

• Analogously, the probability that the child will learn how to do MSD task 𝑗 in scenario 

𝑘 when 𝑎𝑖,𝑗,𝑘 = ത𝑎𝑖,𝑗,𝑘 is
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• If  we manipulate the system in equations (7) and (8), we conclude that, for arbitrary 𝑗
and 𝑘, the following equalities hold:
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• The individual-specific IRT model states that this probability is:

• We use equation (11), together with the IRT probability in equation (4), to derive an 

error-ridden measure of  maternal expectation of  the natural log of  development at age 

24 months, ln 𝑞𝑖,𝑗,𝑘
𝐴 , from the implied probability 𝑝𝑖,𝑗,𝑘

𝐴

• To do so, we invert (4) and solve for ln 𝑞𝑖,𝑗,𝑘
𝐴 :
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• We illustrate the algorithm with Figure 3. 

• The left panel in Figure 3 captures the first step of  the process, which is described by 

equations (9), (10), and (11). 

• To construct this example, we assume that the study participant states that the age 

ranges are 21 and 25 for the scenario in which both human capital and investment are 

“high.”
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Figure 3

Notes: This figure shows the two steps involved in transforming age ranges to error-ridden measures of  expectation of  the 

natural log of  human capital at age 24 months. In the first step, which we show in the left panel, we use maternal reports of  

the age ranges and assumptions about the interpolating function and the Parameters Δ0 and Δ1. For this figure, we assume 

that the interpolating function is the normal CDF, Δ0 = 10% and Δ1 = 90%. We show the transformation from age ranges to 

subjective probability for two scenarios of  investments (“high” vs. “low”) when human capital at birth is “high.”
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2.5 Identification
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• Next, we shed light on the source of  identification for MSE. 

• In essence, the identifying information comes from three different types of  moments 

from the raw data. 

• First, to identify 𝜇𝑖,ψ,3 in equation (2), the coefficient on the interaction between 

human capital at birth and investments, we rely on the following differences-in-

differences:
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• We can use the following moment to identify 𝜇𝑖,ψ,2 in equation (2):

• Note that equation (14) is just a “weighted” difference-in-difference moment in which 

the weights are the scenarios for human capital at birth. 

• Finally, we can derive a moment that identifies 𝜇𝑖,𝜓,1 in equation (2):
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2.6 Estimation of  MSE
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• Although the number of  scenarios by itself  is sufficient to estimate the individual MSE 

parameters, it is not enough, without additional restrictions, to estimate maternal 

subjective uncertainty (MSU) about the parameters of  the technology of  skill 

formation (1). 

• Let σ𝑖 = 𝑉𝑎𝑟 𝜓 𝑞0, 𝑥,ℋ𝑖 , 𝜎𝑣,𝑖
2 = 𝑉𝑎𝑟(𝑣𝑖|𝑞0, 𝑥,ℋ𝑖) and note that, given 

parameterization (1),
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2.7 A Factor Model Approach
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• Then, the combination of  parameterization (2) with Assumptions 1, 2, and 3 produces 

the following latent MSE model:
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• However, the latent MSE variables need not be orthogonal. 

• Further, if  the factors are highly correlated, the three latent MSE variables may be 

summarized by fewer than three factors. 

• To illustrate the issue, we return to the ideal moments (13), (14), and (15). Some trivial 

algebra leads us to the following equations:
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• These conclusions also are valid for the relationship between 𝜇𝑖,𝜓,2 and 𝜇𝑖,𝜓,3. 

• Indeed, if  we condition on scenarios for human capital at birth, then we can derive a 

parallel set of  cross-moment relationships:
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3. Data
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4. Results



Heckman 34

4.1 Sample Characteristics from the PHD 
Study
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• Table 1 presents the demographic characteristics of  the PHD study sample. 

• The participants are relatively young: 63.25% of  the mothers enrolled in the study were 

born between 1988 and 1997. 

• The majority of these mothers are Non-Hispanic Black (around 54%). 

• At the time of  recruitment into the study, 60% of  the participants were single, 30% 

were married, and 10% were cohabiting.

• The participants tended to have lower educational attainment than do national 

representative samples: 42% were high-school dropouts; 42% had a high school degree 

or some post-secondary schooling, but only 16% had a four-year college degree or 

more education.
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Table 1: Demographic Characteristics of  PHD Study Participants

Notes: a. In the single category, we include one participant who reported being separated and two participants who reported 

being divorced at the time of  enrollment in the study. The remaining individuals in this category (496 out of  499) reported being 

single and never married at the time of  enrollment into the study. b. We conducted the first wave when the mothers were in the 

second trimester of  their first pregnancy. c. We conducted the second wave when the children were 9–12 months old.
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Table 1: Demographic Characteristics of  PHD Study Participants, 

Cont’d

Notes: a. In the single category, we include one participant who reported being separated and two participants who reported 

being divorced at the time of  enrollment in the study. The remaining individuals in this category (496 out of  499) reported being 

single and never married at the time of  enrollment into the study. b. We conducted the first wave when the mothers were in the 

second trimester of  their first pregnancy. c. We conducted the second wave when the children were 9–12 months old.
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4.2 Analysis of  the Elicitation Data
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• Figure 4 presents the histograms of  answers to that form. 

• In the paper, we focus our attention on the first MSD item in both forms (“speaks a 

partial sentence with three words or more”). 

• The most noticeable pattern in responses is heaping on round numbers. 

• Although respondents could choose any integer between 0 and 100, the raw data show 

that respondents overwhelmingly chose multiples of  10. 

• The heaping that we observe for “speaking a partial sentence with three words or 

more” is also present for the other three MSD items we use in this study.
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Figure 4

Notes: This figure shows the histograms of  maternal reports of  subjective probability for the MSD item “child speaks a partial 

sentence with three words or more” for all scenarios of  human capital at birth and investments. The figure shows a pattern of  

answers that indicates that the higher human capital at birth or investment, the higher the likelihood that the child will be able to 

accomplish this task by age 24 months.



Heckman 41

• Table 2 presents the expectations of  child developmental outcomes according to the 

subjective probability form (see Section 2.4.1). 

• We present these probabilities for the four MSD items and the four different scenarios 

in which human capital at birth and investments are varied. 

• Several remarkable results are evident in this table.
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Table 2: Summary Statistics of  Answers to the Subjective Probability-

Elicitation Form

Notes: This table shows the mean, median, and standard deviation (SD) of  maternal reports of  subjective probability for 

each MSD item and scenario.
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Table 2: Summary Statistics of  Answers to the Subjective Probability-

Elicitation Form, Cont’d

Notes: This table shows the mean, median, and standard deviation (SD) of  maternal reports of  subjective probability for 

each MSD item and scenario.
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• Figure 5 presents the histograms when we aggregate maternal subjective probability 

reports across MSD items for the subjective probability form. 

• For Scenario 1, we still have some heaping at high probability values, but heaping has 

been reduced for other scenarios because maternal reports across MSD items for a 

given scenario are correlated but far from perfect.

• This property of  high, but imperfect, correlation is an essential result for addressing 

heaping and measurement error.

• Figure 6 presents histograms of  the expected log of  human capital at age two. 

• To obtain these estimates, we proceed in two steps. 

• In the first step, we invert the IRT equation (5). The input in equation (5) is the 

subjective probability for each scenario and MSD item.
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Figure 5

Notes: This figure shows the histograms of  subjective probability after we average maternal reports across the MSD items for 

each scenario of  human capital at birth and investment. The result is that subjective probabilities are far less likely to exhibit 

heaping that we observed in Figure 4.
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Figure 6

Notes: This figure displays the histograms of  error-ridden measures of  the expectation of  the natural log of  human capital at age 

two years for each scenario of  human capital at birth and investments. To produce these measures, we proceed in two steps. In 

the first step, we transform, for each MSD item and scenario, the subjective probability data to an error-ridden, MSD-item 

specific, measure of  the expectation of  the natural log of  human capital.
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• Figure 7 presents the histograms of  study participants’ reports of  the youngest and the 

oldest ages that children would learn how to “speak a partial sentence.” 

• We show the youngest age in solid gray bars, and the oldest age in white bars delimited 

with black lines. 

• As in the subjective probability form, we observe heaping, particularly at multiples of  6 

months.



Heckman 48

Figure 7

Notes: This figure plots the histograms of  maternal reports of  age ranges for the MSD item “speak a partial sentence with three 

words or more.” The solid gray bars show the youngest ages children will learn this MSD task for each scenario of  human capital 

at birth and investments.
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• In table 3, we display the mean, median, and standard error of  youngest and oldest 

ages for each MSD item and scenario of  human capital and investments. 

• As in the subjective probability form, we see that mean and median tend to move in 

predictable patterns with the inputs.
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Table 3: Summary Statistics of  Answers to the Age-Range Elicitation 

Form

Notes: This table shows the youngest and oldest age for each MSD item and scenario.
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Table 3: Summary Statistics of  Answers to the Age-Range Elicitation 

Form, Cont’d

Notes: This table shows the youngest and oldest age for each MSD item and scenario.
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• Table 4 provides additional evidence of  the influence of  Δ0 and Δ1 on our data. 

• For each MSD item and each scenario, we estimate the share of  the answers in which 

the youngest age is above 24 months, and we assess the fraction of  answers in which 

the oldest age is below 24 months. 

• Again, we find three predictable patterns.
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Table 4: The fraction of  Youngest Age above 24 months or Oldest 

Age below 24 months

Notes: This table shows the fraction of  reported youngest (oldest) age above (below) 24 months for each MSD item and 

scenario. The fraction of  youngest (oldest) age increases (decreases) with item difficulty and increase (decrease) with scenarios of  

human capital at birth and investments. Standard error in parentheses.
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Table 4: The fraction of  Youngest Age above 24 months or Oldest 

Age below 24 months, Cont’d

Notes: This table shows the fraction of  reported youngest (oldest) age above (below) 24 months for each MSD item and 

scenario. The fraction of  youngest (oldest) age increases (decreases) with item difficulty and increase (decrease) with scenarios of  

human capital at birth and investments. Standard error in parentheses.
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• Figure 8 provides the histograms of  the estimates of  the subjective probability based 

on age ranges. 

• The histograms show not only heaping but also that respondents concentrate answers 

at low or high values of  the probability range. 

• When human capital at birth and investments are both “high,” the heaping is 

pronounced at high probabilities. 

• When both are “low,” we observe the opposite. 

• When one is “low” and the other is “high,” then the heaping is more or less equal at 

both extremes of  the probability range.
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Figure 8

Notes: This figure shows the subjective probability data after transformation from age ranges. In this figure, we show the data for 

the MSD item “speak a partial sentence with three words or more.”
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• Figure 9 shows the histograms of  the averaged (or 26 aggregated) probabilities. 

• For all of the scenarios, we can eliminate heaping at high levels of  probabilities when 

we average across MSD items. 

• For Scenarios 3 and 4, there still is some heaping at low levels of  probabilities.
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Figure 9

Notes: This figure shows the histograms of  the subjective probability average across MSD items for each scenario.
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• Figure 10 shows the results. 

• It is interesting to contrast Figure 10 with the corresponding one from the elicitation 

of  subjective probability (Figure 6).

• In Figure 6, the distribution of  answers for Scenario 1 is left-skewed.
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Figure 10

Notes: This figure shows the histograms of  the averaged error-ridden measures of  the expectation of  the natural log of  human 

capital for each scenario when we average across MSD items for the age ranges elicitation form.
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4.3 Measurement Error and Testable 
Restrictions
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• These “super-aggregate” measures still produce the same predictable patterns, but now 

heaping is no longer a significant feature of  the data. 

• It is the variation across scenarios in Figure 11 that the RCM estimator will explore to 

estimate the individual-level MSE parameters.
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Figure 11

Notes: This figure shows the histograms of  the averaged error-ridden measures of  the expectation of  the natural log of  human 

capital for each scenario when we average both across MSD items and elicitation forms.
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• Table 5 shows the results of  our analysis. 

• For the subjective probability elicitation form, we find that six factors summarize the 

informational content of  the data. 

• The six factors have patterns precisely as predicted by the model presented in Section 

2.7. 

• Factors 2–5 capture information due to the term 𝜆𝑖,𝑗
𝑓

.
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Table 5: Factor Loadings of  the Measurements of  Expectation of  

Human Capital at Age 2

Notes: This table displays the factor loadings when we estimate the latent variable model (18) in Section 2.7. The data come from 

the subjective elicitation form.
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• The results in Table 6 show that the factor analysis of  the age-range form generates a 

factor structure that satisfies the predictions of  our model. 

• As expected, the analysis generates four factors (Factors 1–4) that summarize the 

correlation within MSD item measures.
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Table 6: Factor Loadings of  the Measurements of  Expectation of  

Human Capital at Age 2

Notes: This table displays the factor loadings when we estimate the latent variable model (18) in Section 2.7 for the data from the 

age ranges form.
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4.4 Estimates of  MSE about the 
Technology of  Skill Formation
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• Among other things, Table 7 presents the percentage of  respondents for whom we can 

reject the null hypothesis.
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Table 7: Means of  Maternal Beliefs about the Technology of  Skill 

Formation

Notes: Generalized least squares standard error in parentheses
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• Figure 12 displays the marginal densities of  MSE about 𝜓𝑗 for 𝑗 = 1,2,3. 

• We fix the horizontal axis so that they take common values across all 𝑗. 

• It is, therefore, easy to see that the heterogeneity in MSE about 𝜓3 is of  little 

importance, regardless of  whether we combine data from different forms or use data 

from each one of  the forms separately. 

• Figure 12 also shows that the marginal distributions of  MSE implied by the age range 

form have lower means and higher variances for both 𝜓1 and 𝜓2.



Heckman 72

Figure 12

Notes: This figure shows the kernel density estimates of  the individual-level MSE parameters for each elicitation form separately 

and jointly. We fix the horizontal axis to be able to compare the densities for the different parameters.
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• Due to space constraints, Table 8 shows only the estimated coefficients on dummies 

for household income. 

• We single out the income dummies because they are the only ones that systematically 

correlate with all of the MSE parameters in whatever way we estimate them, that is, 

when we combine data from both forms, when we use data only from one of  the 

forms separately, or when we apply different interpolation methods for the age-range 

forms.
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Table 8: Correlation between MSE and Household Income of  PHD 

Study Participants

Notes: This table shows the association of  MSE parameters with household income. We standardized MSE parameters so that 

they have mean = 0 and variance = 1.
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• To create Table 9, we residualized the “structural” factors to make sure that we purge 

any correlation with “measurement error” factors.

• We then standardized the residualized factors to aid in the interpretation of  our 

findings. 

• We analyze the relationship between “structural” factors and MSE as estimated from 

subjective probability and age-range forms separately.
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Table 9: Relationship between MSE Parameters and Structural 

Factors

Notes: This table shows the relationships between the Structural Factors we introduced in 2.7 with the MSE parameters in 

equation (2).



Heckman 77

4.5 MSE and Correlation with the HOME 
Score
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• Table 10 shows that 𝜇𝑖,𝜓,2 consistently predicts higher levels of  investments as 

measured by the scores on the HOME scale. 

• One standard deviation in 𝜇𝑖,𝜓,2is associated with 11% of  a standard deviation in 

investments even after we control for the mother’s race, ethnicity, marital status, 

educational attainment, and household income.
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Table 10: Correlation between MSE Latent Variables and HOME 

Score

Notes: This table shows the correlation between the measure of  investment (the Home Observation for the Measurement of  the 

Environment – HOME scores) and the MSE parameters.
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• Table 11 presents the results. 

• We mark with an “x” the variables the LASSO regression included in the prediction 

model.
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Table 11: LASSO Regression

Notes: This table shows the MSE parameters that are included in the final prediction model, as estimated by LASSO regressions. 

The dependent variable is the measure of  investment (the Home Observation for the Measurement of  the Environment –

HOME scores).
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4.6 Robustness
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5. Conclusion


