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Review Moments and ldentification:

Y=XB+U

E*(U|X)=0= Cov(Y — XB,X) =

= B = (XX)IX'Y

Key idea: orthogonality condition = moment condition
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Review Moments and ldentification: IV Conditions

e Y = X5 + U
(Tx1)  (TxK)(Kx1) Tx1
e EX(U|X)#0
e EX(U|Z)=0
e ZisMx K
(M=K)

E*(X|Z) non-degenerate

o Cov(Z'X) rank = K

Z'(Y — XB) = 0: These are the moments in GMM.
Y =(Z'X)Bif M=K

B=(Z'X)"1Z'Y otherwise GMM
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Panel Data Model

Suppose yiy = 8 Xie +ni+vie  i=1,.,1
Ui =ni + vie t=1,..,T
Xi: is strictly exogenous if
E*(Uz | XT) =0 vt
X' = (X, ..., XiT)
.. OLS identifies 3 under rank conditions and E*(n;|X.") = 0

E* is linear projection.
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Fixed Effects

® X is strictly exogenous given 7; if
E*(V,'t ’ XiT,?’],'):O t:].,...,T
for all XT.
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e First difference eliminates fixed effects:
E*(V,'t — Vit—1 ’ XI-T) =0.
® Multivariate regression with cross equation restrictions.

® Assume X;” that this is essentially all the information.
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Partial Adjustment Model With Strictly Exogenous Variable

Yie =  Yi(e—1) + BoXie + B1.Xi -1 + 0i + Vie.

Assume E*(vi; | X;7) =0, t=2,..,T.

Does not restrict serial correlation in v, just its dependence on
X

Model identified if T > 3 and rank condition is established.
E*(Avi | X.T) = 0.
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Model identified for T > 3.

e T = 3 case; acquire orthogonality restrictions

E(Xis(Ayis — alyin — foAXiz — f1AX2)) =0
~ E(X,'S(AV,'3)) = O,S = 1,2,3

® Use these in GMM to identify model.

® 3 equations in 3 unknowns and we acquire exact identification.

Note: Strict exogeneity enables us to identify dynamic effect
of X on y with arbitrary serial correlation in the errors;

Price: Assumes X not influenced by past values of y and v.
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¢ Definition: X is predetermined if

o EX(vie | XE,yih) =0, t=2,..,T (A)

* Xie = (Xit, .o Xit), Yie—1 = (Vi - Yit—1)-

® Current shocks are uncorrelated with past values of y and
current and past values of X.

® Feedback from lagged dependent variables to future X not
ruled out.

e E.g., Euler equations. (Information set of agents uncorrelated
with current and future idiosyncratic shocks but not past
shocks).
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Example: Euler Equation:

Ui(ct)

———fBR; | Z;_1]| =1
Ug_l(ct_l)ﬁ t| t—1

® [ = subjective discount rate

® R, =1+ rs; interest rate discount factor
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Special Case: Power Utility:

) -1
Ur = —( t)l — s Uee = ()™

E [( Ce >_7,8Rt |It_1] ~1
Ct—1
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® /, 1 isin the information set.

® Crucial that instruments don't include variables that cause the
innovation.

-
© E [zt_l (ﬁ (&) R- 1)} =0
Ct:’y - 1 = &t

® &= [ﬁ(ct - e = R 1} - [Et—l%Rt-i—l - 1]

® ¢, is forecast error.

° E(etZi1)=0.

® Z; has to be relevant in forecasting future returns or
consumption growth.

® Need at least 2 instruments for (3, ) parameters.
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Implication of Predeterminedness:

E*(Vi,t — Vit—1 | Xitilayit72) = O, t= 37 e T
For T = 3, we acquire

Vi1
0=E Xi (Ayiz — aDyp — BoAXis — f1AXi2)
Xi

This condition is not the same as that in strictly exogenous
models:

® We acquire 3 moments only 2 in common with last ones given.

Standard errors are consistent with arbitrary serial correlation.
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® Observe that in the predetermined case we can have special
cases of serial correlation.
e eg for T=4
E(Avi: Avi;_j) =0 j>2
® Valid for first order MA.
® Valid orthogonality conditions derived from:
® A}’i,a - aAy,-,g - 50AX,',3 - 51AX,',2 =Vizg — Vi2

)

® Ayia— alDyiz — BoAXia — B1AXiz = Via — Vi3
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¢ Orthogonality conditions:

E(ynAvis) =0
E(X;lAV;’4) =0
E(X,‘zAV,'74) =0.
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® QOther orthogonality conditions from:

Yia =ayi3+ BoXia+ B1Xiz+ni + Via
Yiz = ayjo + BoXio + B Xix +ni + viz

Ayia = a(yiz — yi2) + Bo(Xia — Xi3)

+61(Xis — Xi2) + (via — vi3)
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® Many, many orthogonality conditions.

Suppose Uncorrelated Fixed Effects

Some Xj;; uncorrelated with 7;
E[XiT()’iz —ayi — BoXip — f1Xi1)] =0
T orthogonality conditions for each regressor.

Predetermined variables could be uncorrelated with fixed effects
Xie = pXi(t—1) + VWi (e—1) T oni +Ei
if =0, X would be uncorrelated with 7.
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® Adds more orthogonality restrictions:

E(Xi1(yi2 — ayin — BoXiz — f1Xi)) =0

E(Xie(yir — ayijp—1 — BoXie — 1 Xie-1)) =0, t =2,..., T.
¢ Only identified when T > 3.
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AR-1 Models Balestra - Nerlove Problem

® Yi=aYir1+N+ Vi

e =1 ...0Lt=2...,T

(A1) EX(vie | yF ") =0 ¢
E(ni) =, E(v}) = o}
Var(n;) = o

n; and v;; freely correlated

E(v2 | y}1) need not coincide with o2,

2 ...
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® We get (T —1)(T — 2)/2 moment restrictions:
E(yf2(Ayie — aDyir1)) =0
¢ Use minimum distance methods: GMM
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® Define wis = aw—1)s +C, t =2,..., T, s=
1,...,t—1 ¢ = E(Y,'sn,'t)
® For s < t, we obtain

YitYis = QYit—1,Yis T NiVis + YisVit

E(y:tyls) - OéE()/: t—1Yi s) + E(n:y: s) + E(y: SOVI t)
E(yiryis) = Wes

E(yl,t lyis) = Wt-1,s

E(_ylsnl t) - s
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We take T x (%) distinct elements of

Q= E(yiy;).

® For T =3, we obtain w3; = aws; + ¢

° w1 = awil + ¢
W31 —Wwar Oé(wzl - w11)
B W21 — W11 - (w21 - W11)

€1 = W31 — QWwoy
G = W32 — QWwa2

- model just identified.

Fit discrepancies between the population moments and fitted
moments.
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Yit = QYjt-1+ 5Xi,t +ni + Uy
Uit = pUit—1 +€it
gir WL gjp YVt
gir 1L X VE, t
ni 1L Xi peir 7 maybe

Ve =y 1+ BXe +ni + pUi—1 + €t
Ve = aye1+ BXe + i + p(Vee1 — oo — fXem1 — mi) + €t
= (v + p)ye—1 + BXe — pBXe—1 — payeo+ (1 — p)ni + €is

® What parameters are identified?
® |If we work with Ay;;:: eliminates fixed effect.



® Suppose p = 1: (errors are random walks)
Ye = (05 + 1)Yt—1 - 04}’t—2| + 5(Xt - Xt—l) + €t

® Suppose o =1

Ye = (1 + p)}/t—l — pYi—2 + BXe — pBXi—1 + (1 - /))77,' + €it

® In I, n; vanishes
® In Il., it does not
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GMM Estimation
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e Consider
Yie = XieBo + Ui

Ui =ni + Vi iid across |
E*(vie | 20) =0
Z% are the instruments: (P x 1)
yi = Xibo+ U
yi= i, yir)  Xi= (X, XiT)

U,' = (U,'l, ceey U,'T)/.
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We get |.V. for models in differences.

Let K be an upper triangular (T — 1) x T transformation
matrix of rank T — 1.

Such that K, =0 ¢is T x 1 vector of 1's.

K is first difference operator or forward difference operator.
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¢ Orthogonality restrictions:

E[Z/K U] =0.
® Z; is block diagonal
[ 71 0

Zt’
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® Optimal GMM:
Bemm = (Myy AuMzx) My AyMz,
N
Mzx =Y ZIKX;
i=1
N
sz = ZZI/K)’:
i=1
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e Ay is estimate of inverse of
E(Z/K U UK'Z)
® Just an application of GMM.
* Robust version use U in place of U; (as in Eicker-White)
U=y, — XiB.
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e Optimal variance:
Var(ﬁA)R = |E(X!K'Z) [E(ZKU;UK'Z]" E(Z,-’KX,-)]

® Can be shown to be invariant to K.
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Orthogonal Deviations (Forward Differencing)

1
e Ui=c [Ui - T—_t(Ui7t+1 + .t Ui,T):|
T—t
[ ] 2 = —
T T i1

® (a) Preserves the orthogonality of transformed errors, gets rid
of fixed effect.

o - [ (T2 Y]
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1 (T-1)7Y «(T-1)7t (T-1)7
cy |01 (T—2)1 (T —2)
N 1 -1/2 -1/2
1 -1
L KQK6 = I7_4

)
° KiKo = I+ — % = F; within operator.
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Consider the Following Model:

® Yi=QYit1+ N+ Vig
S =Y =1+ Wit
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® Wit = oW1+ Vi

° Yie =1 = Wit
° (Vie = 17) = a(yie—1 — nf) + Vi
[ ]

Yit = QYir1+ (1 - 04)77,?E + Vit
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e Consider a =1
B *
el Vit =1 + W
® Wit = Wjt_1+ Vit

Random Initial Condition Model?

Orll.  yir=VYit1+mi+vie
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Random Walk with Heterogenous Drift.

e Model Il has autocorrelation > 1

_ Cov(Yit, Yie-1) —adt Cov(ni, ¥it-1)

— 1
Var(yit) Var(ye)

when o > 1.
Ayie=mni+ Vit Correl (Ay;+, Ayit—1) > 0.
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e Correl (Ay;+, Ay;+—1) = Correl(Aw; ¢, Aw; ¢—1)

= (Vi,ta Vi,t—l)-
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Link to Other Restrictions
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Other Restrictions

® | ack of correlation between effects and errors:

E*(vie | yi ™1, mi) =0, t=2,..,T
0= E[(yir — a¥it—1) [AYit—1 — aDyis]]

quadratic (in «) restrictions: because

E(n,—Av,-J_l) =0.
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® When 7; LL v;; (Ahn-Schmidt).
® Multiply
Yit = OYir—1 +0i + Vit
by 7;
Niyie = aniyi¢—1 + 77,'2 + Nivie ¢ = aCr—1 + 0727-

® For T = 3, imposes no further restrictions.

2:

Oy (w32 — wa1) — (w2 — wi1).
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Other Restrictions: Homoscedasticity:

° E(v2) = o? t=2,.,T
* E(vi— V) =0, etc.

Time Series Homoscedasticity:
° E(V,Z)

® wy = Ozzw(t,l)(tfl) + 0‘,2, + 02 4 2ac_4

I
0
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Change in y;; uncorrelated with fixed effect

E*(Yie = Yie-1|m)=0 t=2,...,T
adds (to A-1) the following moment conditions:

E [(}/i,t - a}’i,t—l)(A}/i,t—l)] =0,t=3,...,T
a will satisfy

a = (wa — wzl)_l(wsz — ws1)
Full stationarity:
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Unit Roots Case

® Yii=aYit1+ N+ Vi
® For | a| <1, we can write

_ *
Yit =0 + Wit
Wit = QWj 1 + Vit
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e Substitute:

Yie = 0f = (Vi1 — 1F) + Vi
Vie = 0(Yie—1 +1i) + Vi
® Now when v = 1, we get a distinction:
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Model I:

ok
Yie =1 + Wit
Wit = Wjt—1 + Vir.

¢ A model with an initial random intercept.
Model II:
Yit = Yit—1 TN + Vit

(heterogenous linear growth).
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Empirical Features of II:
_ Cov(yie, Yie-1) _ N Cov(n;, ¥it—1)
Var(yit) Var(y;.+)

) >1

* And
Cov(Ay:, Ay;—1) >0
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¢ Observe that we fail the rank condition for application of (A-1)
in Model | using:

E(yie—j[Ayi —alyi1]) =0  j>1
o Why?

COV(Yi,t—j; Ayii-1)
= COV(y,',t_j, V,'7t_1) =0

e . we divide by zero in forming this function.
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Model Il: Passes the rank condition:

E(yi,t—j(AYIt - aAyi,t—l)) = COV(Yi,t—ﬁ Vie—1 — Vi,t—z)

for j = 2 satisfy rank condition.

¢ Observe that with mean stationarity rank condition is satisfied:
E [(A}/i,t—l)(YI,t - O‘)’i,t—l)] =0
E [[AYi,t—l](Yi,t—l)] =E [[Wi,t—l - Wi,t—2] [77,' + Wi,t—l]] # 0.

(Vi,t—l - Vi,t—2) = Wjt—1 — Wjt-2

Ni+Wit—1=Yit — QYit_1.
e - if maintained, can test null hypothesis of random walk
without drift against mean stationarity.
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Using Stationarity Restrictions:

® Consider a model
Vie =0Wir+ni+ Ve
if E*(vie |wf)=0

t __
w; = (Wi,t, Wit—1y.-1y Wi,1)-
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® Moments are
Elw! ™ (Ayir — 8 Aw; )] = 0.
o If EX(vie | wi,mi) =0
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¢ Add to this Ahn-Schmidt
E(yit — 0'wt)(Ayit-1 —0AwW; ;1) =0
o If
E*(Aw;¢ |mi) =0
* We get
E((Awie)(yie — 0'wi)) = 0.
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Return to main text
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