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1. Introduction
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Q) =ay+ aP + a3 4+ uy (1.1)
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P =01+ 5Q + B3W + us (1.2)

Pierse SEM Lecture 7



Qi = oy + o P+ a3Y; + Qi +as P + uyy

and
P = B1 4 B2Qr + BasWi + Ba Py + B5Qi—1 + uay
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(1.3)

(1.4)



2. The Simultaneous Equations Model
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The general linear simultaneous equations model with m equations can be written
formally as
Byf+FZtIUf t = 1 T (21)
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Yt — —B_lFZt + B_lut

or
Vet = HZt -+ V.
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(2.4)



3. Identification in Simultaneous Equations
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Consider pre-multiplying the simultaneous equation system (2.1) by the m x m
nonsingular matrix F to give

The reduced form of this transformed model is

y: = —(FB)'FI'z, + (FB) 'Fu,
— _B'F'FI'z;, + B'F 'Fu,
—_ —B_1FZt + B_lut
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4. Estimation: Single Equation Methods
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5. Indirect Least Squares
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—

B=(WX) WYy

is called an instrumental variables or IV estimator.
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- —1 - o~ ~\ — L~
3 = (X’X) X'y = (X"X) X'y
— (X'W(WW)"'WX)"'X'W(WW) "Wy
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In general, ¢ > k; so that there are more instruments than regressors.
Hence the application of IV leads to the 25LS estimator

B, = (X\Z(Z'2)'2'X,) ' X\ Z(Z7) ' 2y,
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The variance of the 2SLS estimator is given by
Va-l‘(/’éj) p— O"U (X; Z (ZIZ)_I Z,X; ) 1

and a consistent estimator of o;; can be obtained from the 25LS residuals

—

e=y;—X;B
using the expression
_ ce
UJJ — T o }1
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VT (B, — B;) ~a N(0.0;;(Qx2Qz5Qzx) ™).
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Consider the equation

yi = X;B; +u; = Ya; + 27y + u;
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6. Estimation: System Methods
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or

where

Y1

y'??l-

var(u)
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(6.1)

(6.2)



X, 0 0 P.X, 0
0 - 0 | = 0o . 0 — (I, @ P.)X (6.3)
0

-

0 X.;,n_ _ 0 0 Pz Xm

where P. = Z(Z'Z)~'Z’ is the instrument projection matrix.
Applying both GLS using (6.2) and [V using instrument set (6.3) results in
the Three Stage Least Squares (3SLS) Estimator of Zellner and Theil (1962)

~ _ N1
p = (XUeP)Sen) 1,eP)X) X, eP ) (Sel) 'y

- (X(zeP)X) X(E'oPy (6.4)
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~1
\/T(B — )~y N (O. (plim %X,(Z}1 ® Pz)X) ) .
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