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Chapter 3

A Theory of Individual Travel Demand
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Max W(Ma, s), (3.1)

acA
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B = {Na|ae A},
and utility can be written
u= Ulx,s) = WMN !x,s),
so that (3.1) becomes
Max U(x, s). (3.2)

xeB
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U(x{1p X(2), $) 2 U(xf,l)s X2y s), (3.3)
if and only if
Ulx{1y X2y 8) 2 U(x?l p X2 S)- (3.4)

A sufficient condition for this property is that U have the additively
separable form?

U(x(l)s X(2) s) = W(‘f’l(x(l): s) + ¢2(x(2)= 5)). (3.5)
Then, a 1s chosen over b if
qbl(xf'l p S) > ¢1(x?l)s 5). (3.6)
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3
U(x(1y, X2 X33 5) ( ; ¢'( X(ip 5))= (3.7)

¢2(x(2), s) + Max ¢! (-xme 5) > d’z(xfz)a s) + Mi? ¢1(x:';)s s).
(3.8)
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i=1

Ulx, s) = lf/( Y. @' (xup s)), (3.9)

where the subvectors of x are defined as follows:

X(1)

X2y

X(3)

X(4)

X(5)
X(6)

X¢7)

Attributes of the trip mode choice, such as fares, tolls, in-vehicle
time, walk time, and wait time.

Attributes of the time-of-day choice, such as congestion at the
destination, availability of services, convenience of scheduling

other activities.

Attributes of the destination, such as variety and cost of services
available.

Attributes of the trip—no-trip choice, such as levels of inventories
of household goods, characteristics of recreational opportunities
at home.

Attributes of the choice of vehicle ownership, such as the availab-
ility, cost, and reliability of household autos.

Attributes of the choice of residential and work location, such as
neighborhood density and quality of public services.

Attributes of all consumer choices other than the sequence above,
including decisions on trips for other purposes and on other days.
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Chapter 4

A Theory of Population
Travel Demand Behavior
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x = h(B, s; ¢). (4.1)

u= Ul(x,s) (4.2)

Domencich and McFadden (1978) 11



The individual will choose option i if this is the alternative which
maximizes his utility; i.e., the individual will choose i if

U(xi,s) > U(xd,s) for j#i,j=1..J (4.3)

Since these utility values are stochastic, the event that the condition in
eq. (4.2) holds will occur with some probability, which we can denote by

Pi = H(B, S, i)
= Prob [U(xi,s) > U(x),s) for j#1i, j= 1,..,J]. (44)
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U(x, s) = V(x,s) + n(x, s), (4.5)

where V is non-stochastic and reflects the “representative” tastes of the
population, while # is stochastic (with mean independent of x) and
reflects the effect of individual idiosyncrasies in tastes or unobserved
attributes for alternatives in B. Then eq. (4.3) can be written as

P; = Prob [n(x/, s) — n(x% s) < V(xi,s) — V(x/, s)
for j#£i, j=1,...,J] (4.6)
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Let (¢, ..., ;) denote the cumulative joint distribution function of
(n(x1, s), ..., n(x9, s)). Let y; denote the derivative of Y with respect to
its ith argument, and let ¥; = V(xJ, s). Then, eq. (4.6) becomes

P, = J-mwi(r + V. =V,..,.t +V,— Vdt. 4.7)
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We consider an individual with a choice between two alternatives
(indexed j = 1, 2), with vectors of attributes x' and x?, respectively. The
choice probability for the first alternative is then given by eq. (4.7) as

P, = J.+mv,l/1(t,t + V(x', s) — V(x2, s5))dt, (4.8)
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P, = G(V(x},s) — V(x%s)). (4.9)

The form of the functions V and G will be influenced both by the im-
plications of our theory of individual choice behavior and by the con-

straints of computational practicality.

Domencich and McFadden (1978) 16



For the purposes of this discussion (and in our empirical analysis),
we assume that V' has the general form

Vix,s) = Z\(x, )B; + ... + Z*(x, )b,
= Z(x, 5)B, (4.10)
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If the distribution function G is linear over the range of V, then egs.
(4.9) and (4.10) yield |

P, = (Z(x',s) — Z(x*, 5))B, (4.11)

Py=pT,— BT, + B3I + Ba. - (4.12)
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Py = ¥ Z(x',s) — BFZ(x* 5), (4.13)

where & is the standard cumulative normal distribution. This equat@on
is termed the binary probit probability model. The Cauchy distribution
gives the probability function

P, = % + -:Etan' B Z(x2%,5) — B'Z(x,5)), (4.14)

and is known as the arctan probability model. The logistic distribution
gives the probability function
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1

- , 4.15
Py 1 + exp[BZ(x% s) — BZ(x,5)] (4.15)
and is termed the binary logit probability model.
P,
]08[1 P ] =BT, — BT, + B3I + Ba. (4.16)
— Iy

Here, 8, and f, measure the change in the log of the odds of choosing
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Table 4.1

Argument Logit* Probit Arctan® Logit-Probit Logit-Arctan

0.0 0.5 0.5 0.5 0.0 0.0
0.2 0.5791 0.5792 0.5781 =0.0001 0.0009
0.4 0.6543 0.6554 0.6479 -0.0010 0.0064
0.6 0.7226 0.7257 0.7052 -0.0031 0.0173
0.8 0.7818 0.7881 0.7504 —0.0062 0.0314
1.0 0.8314 0.8413 0.7856 —0.0099 0.0457
1.2 0.8715 0.8849 0.8132 -0.0133 0.0583
1.4 0.9032 09192 0.8351 —=0.0159 0.0681
1.6 0.9277 0.9451 0.8527 -0.0174 0.0750
1.8 0.9464 0.9640 0.8671 —-0.0176 0.0792
2.0 0.9605 0.9772 0.8791 —-0.0167 0.0813
2.2 0.9709 0.9860 0.8892 —-0.0151 0.0817
24 0.9787 0.9918 0.8978 —0.0130 0.0809
2.6 0.9844 0.9953 0.9052 —0.0108 0.0792
2.8 0.9886 0.9974 09116 —-0.0087 0.0770
3.0 0.9917 0.9986 09172 —0.0069 0.0744
4.0 0.9983 1.0 0.9373 —-0.0016 0.0609
5.0 0.9996 1.0 0.9496 ~0.0003 0.0500
6.0 0.9999 1.0 0.9579 0.0 0.0420
7.0 1.0 1.0 0.9638 0.0 0.0361
8.0 1.0 1.0 0.9683 0.0 0.0316
9.0 1.0 i.0 0.9718 0.0 0.0281

10.0 1.0 1.0 0.9746 0.0 0.0253

* The logit formula (normalized to have the same slope at zero as the standard normal)
is P = 1/{1 + exp[ —2x./(2/a)]}-
b The arctan formula (normalized to have the same slope at zero as the standard normal)

is P = % + :—rtan" txn/(/2)].
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Fig. 4.2. Cumulative exponential probability distribution giving a one-tailed ogive
curve. G(V) =e W Vfor V< Vo, G(Wy=1for V2=V,
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Fig. 4.3. Cumulative exponential probability distribution giving a one-tailed ogive
curve. G(V) =1 —e ¥ Yl for V > V; G(V) = 0for V < 1,
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Fig. 44. Uniform distribution giving a “truncated linear model”. G(V) = L for V = V,;
G(V) = (V - Vﬂ)/(VI - Va) ror Vg << V( VI; G(V) = 0 for V < Vo.
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G(v) = J _mwz).p(u 1. (4.17)

A random variable »; has a Weibull (extreme value, Gnedenko) dis-
tribution if

Prob[n, < nj=¢e"* "7, (4.18)
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Lemma. If random variables »; have independent Weibull distributions

with parameters ; for i = 1, ..., n, then:

(a) #n; + v has a Weibull distribution with parameter o; — v for any
real v;

(b) _hldax i has a Weibull distribution with parameter

i

_log zl:= 1 e-ui;

elh-ﬁ‘l
(C) PIOb [Ul + m g Uy + 1?2] = v~ T evz—ﬂtz; (4.19)
el.’i 3
(d) Prob{v, +n 2 v + 1 fori=2,...,n]=-—-—- (4.20)

n
z ev.-—:.-

i=1
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Verification of this result is straightforward; we outline the steps for the
sake of completeness. To show (a), note that

Prob[n, + v =n] = Prob[n; =7 — v],

and substitute the argument # — v in the cumulative distribution func-
tion of ;. To show (b), note that

Prob[ Max n; < 7] = Prob[n, <n]-...- Prob[n, < 7]

Lo
B n
=exp| — 3, e” @+

i=1

= exp| —e™"- Ze'“":l- (4.21)
i=1

Setting
n
e =y e ™
i=1

establishes that the maximum value is distributed Weibull with param-
eter a.
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To establish {c), we use the convolution formula

+ o0 '
Prob (o, + 1y 2 03 + 5] = j Wioy — vy + n)dn
@ (4.22)

where ; is the cumulative distribution function of #,. In this case

Y1(n) = exp(—e~ "),
Wyn) = e~ “exp(—e )
Then eq. (4.22) becomes
Prob [v, ;I;;h > vy + 73]
- e-—(qnl)exp(_e—(q+a1})exp(_e—{q+u.-u2+=;;)dn

"—w

(* + a0

— e_{"""llexﬂ_e_ﬂ(e-al + C_v'+02_=2))dﬂ

-0
e ¥

= [e—ﬂl + c—v|+9z-‘ﬂz]

-J.1 d{exp(—e e ™* + e”n*217)}

1]
e'vl =ap

= evt~a 4 et2-a (423)
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Prob ['?1 +v,2m+vy fori=1,..., n] =

e&'; —&;

Prob[n, + v, 2 I}I’g‘[ax (n; + v)] = ,  (4.24)

e "M e
by (c), where

a = —log i el
i=2

is the parameter of the Weibull distributed variable Max;_, (7 + v;)
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As indicated earlier, the importance of this lemma lies in the fact,
established in condition (c), that the difference of two independent
Weibull distributed random variables has a binary logit distribution

ryp=a
el 1

Prob [172 — N = vy — Uz] = G(UI - UZ) = ellTt 4 ¥z

(4.25)
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P, = H(B,s, i) = Prob [U(x', s} > U(x/, s)
forj#ij=1,..,J]

- j bht + Vi Vi oot + Vi— Vy)dz, (4.26)

il ¢
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Vi—Vz Vi—Vyg
Pl = J' ves J\ n(r;o; Q)drz ces dr_,, (4.27)

rn=—ow ryg=—ow

where n(r; 0; Q) is the multivariate normal frequency function with mean
vector O and covariance matrix 2 evaluated at argument r, and where
the elements w;; of Q satisfy

W;; = E'Mj + Eni — Enny — Enm,, (4.28)

with n; = U(x,, s) — V(x;, s) and En; = 0. A further simplification of this
formula can be obtained by defining

;«.2',- = mzj, [, = Iy (4.29)

and recursively, for i = 3,..., J,

i-1
Ay = Wy — Z Aidaltip k=2, ... J, | (4.30)
j=2

i—1 '
=ri— Y, A/ (4.31)
=2
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4
yl_yz V—V3——J-!lz

SSREANK R

v, - V,,—’:’—‘:,-i—’!:s V,—I-f,-JE j'—”rj
ly

. de,...dt,,
Joodg] ] e
W= —% fp=—x (432)

K
U(x,s) = Z o Z'x,s) + &x, s), (4.33)

. K N

n; = n(x’, s) = kzt (o4 — BZXx’, s) + €, (4.34)

x .
wj = cov(n, n) = covie, &) + kzl var()Z4x’, 5. (4.35)
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BZ(x),s) — BZ(x?, s)] 436
Pi= l:\/(wu + W33 — 204,) (439
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We next consider the case in which the stochastic componcnts of utility
have independent Cauchy distributions. Then,

Ylty, ..t = [1 G— + iotan“ '(t,-/aj)), | (4.37)

j=1

where the g; are positive constants, and eq. (4.26) becomes, for P,

T Vi—V.+1t
P, =j s H[ ! tan- ‘( L )]dt.
1= — al +t P/ aj

(4.38)
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P; = — : (4.39)
eyj—aj
&
¥(x',s)
Pi=——. (4.392)
eV(x-f.sl
px
Log(P,/P; = V(x,s) — V(x/,s). (4.40)
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Given the fitted function V(x/, s) for j = 1, 2, we have the probability
function
el’(x‘,s}

P

fori=1,2. (4.41)

i T VTS | o)

eV(x‘,s?

P, = (4.42)

1 ) k]
eV(x ,S) + eV(x .5) + e—V(x .5)?
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Percentage P,(3 modes) — P,(2 modes)
[ ] = P,(2-modes)
eV1/(e¥ + eV + ")
T + )
et + e
T+ e e

Va

change in P,

1

e
T eVt 4 e¥2 4"

= —P,, where V, = V(x,s). (4.43)
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Probability of Probability of choosing Probability of
choosing time ¢, | _ | mode m, conditioned _ | choosing time ¢, | (4.44)
mode m on the event that time ? any mode
- | |_is chosen
Probability of choosing Probability of choosing
mode m, conditioned —. | mode m whenthesetof |. (4.45)
on the event that time ¢ alternatives is the set of
is chosen modes available at time ¢
Probability Sum over modes | Probability of
of choosing = m’ available at choosing available | - (4.46)
time , any mode time ¢ mode m’ at time 1
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frliellbege} e

7
U(x,s) = =Zl ¢i(x(i); s), (4.48)
| 7
Ulx,s) = 2, ¢'xa ) + n(x, ). . (4.49)
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P, = Prob [U(x™, s) > U(x),s) forallj # m]
= Prob [¢'(x]},, s) + n(x™, 5)
> ¢1(x'(i1)a S) + 'I(xj, S) fOI'j # m]’ (4'50)

e BNxTpS) ~ A

Py (4.51)

—-— o ’
Z e¢1(-‘n‘)‘5] - 3y
J
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P, = Prob [Max U(x”, s) > Max U(x’?,s) forp # t]
J J
= Prob [¢%(x!5), s) + Max {'(x{}), s) + n(x*,s)} >
J

P3(xPy), s) + MJ_ax {@p(xf), 5) + n(x’F,5)} forp +# t].
(4.52)
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Provided that the n(x’?, s) have independent Weibull distributions for
each index (j, p), we conclude that »,, defined by

Max ¢'(x{5), ) + n, = MJ:ax {d'(xiF), 5) + n(x’?,5)}, (4.53)
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P, = Prob [¢*(x!,,, 5) + Mjax ¢ (xh), s) + 1, >
d*(xPs,, 5) + Mjax ¢ (x{f,s) +n, forp # 1] (4.54)

exp [d*(x{2), 5) + szlx ¢ (xliy, 5) — a]
~ Zexp[670xh, 9) + Max $Cf, ) — @,

(4.55)

where the Weibull distribution “parameters” a, satisfy (using Lemma
conclusions (a) and (b))

a, = Maxqb’(xm, — logZexp [—a;, + ¢'(x{D), 5)]. (4.56)
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Substituting this expression in eq. (4.55) then yields
exp [¢*(x(2, 5)] 3 exp[—a; + ¢ (x{1) 5)]
J

T S exp [#70xEy 9] S exp[—ay + & (xtiy )]
P J

Z eXp [¢1(x{11)s s) + d)z(x{z), s) — “j:]
j

= . i 4.57
Z Z eXp [¢1(xff)a S) + ‘t)z(x&)s S) - ajp] ( )
P 1]
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Combining eqs. (4.51) and (4.57) in the formula (4.44) yields the choice
probability P,, for the simultancous choice of mode m and time ¢,

Pmr=Pmerr

¢l(-x !S] Inr "
e i1y

= Y R Y)Y 6T, 5) + St s) — %,
e e
J - p ]

e ¢'(rﬂ',,s] + ¢={x:zr5] = Ay

— 58
Z e @' {x1).5) + ¢ (xfrn ) ~ a2, ° (4 5 )
p J

y, = —log Y exp [—a;, + ¢*(x{h), 5)] (4.59)
J
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- K -
¢ (x5, s) = Y B2 (x{k), s). (4.60)
k=1
Define

K
g; = —jp + kzl B ZH(x{%), 3),
and

Vo = Wq1s - qy) = —log} e¥
J
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Let g denote the average of the g;, and make a first-order Taylor’s
expansion of (g, ..., q) about the vector of values (q,, ..., q;):

g, ...9) = —logJ — ¢

dy

=y(q11"-&QJ)+Za @"‘QJ)

J1(q1,...,q75)

+ higher-order terms in (g — g,), (4.61)
but
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Comparing this formula with eq. {4.51),

Hence, from eq. {4.61),

y(QI" ,QJ)**J’(qs- SQ) Za : (Hq-_qj)
q; | @1.. .
— higher-order terms
= —logJ —q+ 2. Py, Z o
J

— higher-order terms

= -—logJ+Z ilp%ip — Z sz i Z (<5 S)

— higher-order terms in (g; — 9).
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| K J )
vp=—Y b L; P, Z4(xiD, s)], (4.62)

and
__exp [Cﬁz(xiz), 5) = ] 4.63
- > exp [¢*(xB), 8) — ¥,] e

P,
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- K -
(X', s) = log[ Y BZMx', s]]. (4.64)
k=1
Suppose further that

K
0= Y BZx\s)st fori=1,...,J,
and =

J K
EZI lr;l B.ZXx' s) = 1. (4.65)
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Then the probability functions have the form

P; = h(B,s, i) = i B ZX(x', s). (4.66)
K=
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The second concrete specification we consider for the V(x, s) function
directly incorporates the restrictions above, and leads to a multinomial
extension of the logit model. Suppose V has the linear-in-parameters

form

K
Vix,s) = Y BZXx's). (4.67)
k=1
Then, from eq. (4.39), the probability functions have the form
1
P, = h(B,s,i) = — X (4.68)
Y oexp Y BLZHX,s) — ZHx, )]
=1 k=1
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I -
D;= 3 Pif (4.70)
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N T t—pz
= — |dt. 4.71
2. = g | % o| T @

If X, is normal with mean g, and variance o} for k = 1, 2, then, utilizing
the convolution property of two normal random variables,

X — U +-;¢
Prob[X;, — X, = x] = (DI: N l+ 6%)2]
L [‘ Txz “‘] ¢>[t _ ”’-] dr. (4.72)
02 J-w g4 ) .
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W
Dy=N ""[,/(1 m ﬁ’Qﬁ)]'

. ef
Pi= —
I;l ©
(NP ; .
(6zii 2 = BN.P(1 — P)).
k
(NP i
—(é‘z'?;.'""‘)“= _ﬁkNinPI! l #)
k

Domencich and McFadden (1978)
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zi (NP

it kY = : L = B.zI(1 — PY). 4.73d
E \Js k) N;'P,'- oz Bzt ( _;) ( )
Ei(l, k) = o HNF) _ — B, 2P | (4.73¢)
N\* N,P_; 6zﬁ' k<k < 1
J
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..t aéD;l | ot ON;P;) ‘ﬁft):l
00= 5 5[5 T o a
(NP} zl!
_ 5, OV I 4.73
L% 3G oy NP, e
= ZW:E;U, k)p

where

l

Domencich and McFadden (1978) 60



N=Y Y N(x3s (4.74)

Tmodps = Z N(x, s) Z P ;{xa 5)- (4.75)

jEJmtodp

It is convenient to also distinguish the total number of trips of type
mtodp taken by each homogeneous subpopulation,

TooafX,5) = N(x,5) ¥ Pfx,5), (4.76)

Jj€Imeodp

so that
Totodps = 2. TmoaplX: 9)- (4.77)
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Tooap(X,8) = N(x,5) ), Pix,s)

JeJeodp

= N 9Y ¥ Px,s), (4.78)

m j€Jmiodp

and
todps Z T;odp(x S) (479)
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Top(X,5) = N(x,5) Y. P{x,s), | (4.80)

j€diop
Toops = 2 Tropl, 9). (4.81)
T,(x, s) = N(x, .s) Y Pfx,s) (4.82)
JjeJeo
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As a notational shorthand, write
Qmmdp = Qmodp(x: S) = Z P j{xa S): (483)

jEJmldp

with analogous definitions for other subscripts. Then

Tnuodp(xs S) =N (JC, S)erodp(xs S)

) [de,(x, s)] | [Q,.,d,,(x, s)] | [Qu.,,(x, s)] NGO

Croar%9) | [ Q) | [ Qulx. )
= Omitoarl ) Qaranls ) Qs 8) - Tl ), (4.84)
where we have defined
Omitodp(X: ) = Qrmsoap(X: 5)/QroaplX 5); (4.85)
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From eq. (4.84), we obtain the marginal trip tables for the sub-

population,
T:odp(xs S) = letap(xr S)Qplta(x$ S)Tl'o(xv S]’ (486)
Toop(%, 5) = QpjealX, 5)T1o(X, 3)- | (4.87)
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Aggregating the formulae (4.84), (4.86) and (4.87) over x provides the
basic trip tables of interest:

mtodps Z Qm]todp(x S)Qd[top(xa S)Qplro(x S)T;o(x 3) (488)

rodps Z Qd|mp(x S)Qplro(x S) T:o(x S) (4-89)
Y;OPS = z Qpl!a(x’ S)J:o(xﬁ S)- : (490)
expl B1)2(1) ] (4.91)

OricoaplX. 8) = g: exp[ Bzl %]
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Y. exp[ B2 + Bz’

= =% — (4.92)
Qeter Y > explBiziy” * P+ Bz ']
d m
and ) .
Yy exp[f1)20y " + B2z’ + Bi3)235] @93)

_ d m
Cote = ) > exp[Buyzis F "+ Bzt + B ]
pp d m
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u(y, x,s) = y + @(x,s) + n(x, s), (4.94)

wp) = y1 + (pD(p) — p,D,) — C(p), (4.95)
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Bus fare

Pib— =

Domencich and McFadden (1978)

Bus patronage
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"{xos S] - ’i(xla S) < ¢(x13 S) - ¢(x03 3) 5 (496)

Letting G denote the cumulative distribution function of
n(x®, 5) — n(x!, s), the demand for transit is

D(p) = G(¢p(x*, s) — &(x°, s} — p). (4.97)
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S = |2 G((x", s) — &(x°, s) — p)dp + p.D;, — p,D;. (4.98)
The utility-maximizing consumer will have a utility level

u(p) = Max[y(p) + ¢(x°, s) + n(x°, s),
vp) — p + ¢x', ) + n(x',s))

= ¢(x% s) + n(x*,s) + Wp) .
+ M&X[ﬂ, ‘i’(x19 S) _. ¢(x0: 3) - p] (4'99)
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W = yp) + {23 Max[y, #(x",s) — (x°,s) — p]G'(m)dn’
= Wp) + AG(A) + [T nG'(n)dn, (4.100)
where 4 = ¢(x!,s) — (b(xo:s) — p. Under the assumptions En = 0 and
2w Gm)dn < + o,
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W = y(p) + AG(1) + En — [2 o nG'(n)dn
= ¥p) + AG(A) — nG(n) |2 & + [L o Glp)dn
= Wp) + Lo Gimdn. | (4.101)

Considering the change in welfare resulting from a fare change from p,
to p,, we obtain from either eq. (4.100) or eq. (4.101} the result:

AW = y(pz) — Ypy) + [i3 Gm)dn, (4.102)
where
L= $(x',5) — ¢(x°,5) — P,
or
AW =y, + (p2D; — p1Dy) — C — 3,
+ |2 G((x!,s) — p(x%s) —pdp =S — C.  (4.103)
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Chapter 5

Statistical Estimation of
Choice Probability Functions
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Pl:‘ = G(Vu - Vzi)a (5-1)

and

¥
Vi = V(x, )= Y B ZHx, s') = BZ(x*, 5, (5.2)
k=1

Py =GBz — Bz*). (5.3)
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The procedure for estimating the linear probability model 1s the simplest
from a computational point of view. From eq. (4.11), this model can be

written:
0 if g7 <0, (5.4a)
Ph' = 'Zi if 0 g ﬁ'zi < 1, (5.4b)
1 if 1 < B2 (5.4¢)
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fii= B + & (5.5)
with Ef,; = P,; implying Eg¢; = 0. The estimates are then

_ B = [i zfzf']—l [i ziflf:I. (56]

[P:P2] V31 = [PriP2i] ™ 2B, (5.7)
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Fig. 5.1.

True model

1 - for z'24
P[,'= 1,’2-[-2',’8 fﬂ-!‘ |z‘| {4

0 for 2 -4
Sample
i 1 2 3 4 5 6 7 8 9 10 11 12
z! -3 =2 -1 -1 =1 0 0 1 1 1 2 3
T 0 0 1 o 0 1 0 1 1 0 1 1

P, 1/8 1/4 3/8 3/8 3/8 1/2 1/2 58 5/8 5/8 3/4 78

Unconstrained ordinary least squares estimate

172 + 3716 for |z'| < 2%
for /g —2%

1 for 'z 2%
Pt

The linear expression } + 3:'/16 exceeds one at the data point z'* = 3.
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As an alternative to this procedure, we might estimate f in eq. (5.5)
by least squares, subject to the inequality constraints

0 <1 (5.8)
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- Distribution ofﬁ
from inequality-constrained
least squares

Distribution of § from
ordinary least squares

\

T

B
True parameter value

Fig. 5.2. Comparison of distribution of parameter estimates.
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Fig. 5.3.

True model

I - for 2’24
P,=4q1/2+ /8 for |2']| <4
0

for 2 < —4
Sample
i 1 2 3 4 5 0 7 %3 v 10 11 12 13 14 15 16
2 -1 -5 -3 =2 -1 -1 -1 00 1 12 3 7
fii 0 0 0 0 0 010 I 0 t 1 1 1

Ordinary least squares estimate

. 1 for z'> 528
P, =94 1/2 +92/95 for || <528
0 for z' <5.28
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Fig. 5.4.

True model

P=1(1 +e7%)

Sample
i 1100 101 200 201-300 301 400 401 500 501 600 601 -700
= -3 -2 -1 0 1 2 3
no. trmes 5 12 27 50 73 88 95
I chosen
Py 0.047 0.119 0.267 0.5 0.731 0.881 0.953

Ordinary least squares estimation of linear probability approximation to true model.

. 1 for 2223
P,=q1/2 40167 for |z| <3
0 for z¢< -3

Comparison of true and fitted probabilities

z 0 1 2 3 4
P, 05 0731 0881 0953 098
P, 05 ¢67 08 10 10

Comparison of true and fitted effect on aggregate demand for alternative 1 of a one-unit
increase in each X;: true = 93, predicted = 100.
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gri/R;) = g(P)) + g'(pi) l:% - P 1i]a (5.9)

i

g(ri/R) = B’z + ¢, (5.10)
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The case of the model (5.10) most commonly treated in the literature
is the logistic distribution, yielding

log[ i ] = Bz + ¢ (5.11)
Rf - ?',-

Several modifications can be made in eq. (5.11) to improve the accuracy
of the estimates. Cox (1970) shows that a slightly improved normal
approximation and adjustment for heteroskedasticity can be attained by
applying ordinary least squares to the model

r+ 1/2
10 ! = ’Zi + £ 5-12
g[Ri —r+ 1/2] g 12
using the resulting estimator J to calculate consistent estimates of the
probabilities

P, = 1/(1 + e7F7),
and then applying least squares to the model

ri+1/2 :
. i — Bziw. + &, 513
W, l«::ng[Ri — 1/2] Bz'wi + & (5.13)

where
W; = \/[R:‘P;{l - Pi)]-2
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r~
I

Ul:log Pll + (1 '-fn)log(l Pli)]

IIMh- .;IM b

log(l + exp (7)) + Z Sz - (5.14)
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I -
aL/aﬁ = z (f“ = P1;)2'= 0 (5.15)
i=1
The second-order condition for a maximum 1s

2L I . -,
aBaﬁ" = - Z Z'Pl i(l - P”)Z' < 0. (5.16)
i=1 ' .
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— 2 I . "
aﬁgﬁlL - -Zi Pl — Pyy)z', (5.17)
P,. .
log — 75— = b1z}, (5.18)
- 1§
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Table 5.1

Small sample properties of the maximum likelihood estimator (M LE),
Berkson estimator (BE), and linear probability model estimator (LPE).

Case A
Bias Mean square error
Sample Berkson
size MLE BE LPE MLE BE LPE cell size
30 0.008 —-0.243 —0.565 0.127 0.111 0.332 3
60 0.010 -0.103 —0.549 0.069 0.056 0.461 5
120 -0.062 —0.135 —-0.550 0.071 0.079 0.313 6
240 0.096 —0.001 —Q.508 0.027 0.011 0.259 6
Case B
30 0.098 -0.319 —-Q.742 0.181 0.138 0.551 10
60 -0.050 —0.295 -0.742 0.045 0.100 0.551 15
120 —0.005 -0.276 —0.776 0.034 0.083 0.603 20
240 —0.062 -0.214 —0.774 0.014 0.052 0.599 40

Note: The independent variable has a logistic distribution with mean zero and semi-
interquartile range equal to 1.10 in case A and 4.39 in case B. The true parameter value
is 1.0. Twenty Monte Carlo trials are calculated for each sample size. The Berkson
estimator is reported for the cell size giving the minimum mean square error.
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Table 5.2

Variation of the mean square error of the Berkson estimator
with changing cell size.

Case A: Semi-interquartile range of z' = 1.10

Sample Number  Cell Mean square

s1Ze of cells size error
30 30 1 0.33
15 2 0.16

10 3 01

6 5 0.11

5 & 0.13

E) 1 0.17

60 [-14] 1 0.30
30 2 0.13

20 3 0.08

15 4 0.07

12 5 0.06

10 i) 0.08

[ 10 0.10

120 120 1 0.31
60 2 0.14

40 3 0.09

30 4 0.07

24 5 0.08

20 [ 0.08

15 g 0.08

12 10 0.08

10 12 0.10

6 20 0.11

240 240 1 0.26
120 2 0.08

%0 3 0.03

60 4 0.02

43 5 0.01

40 6 0.01

30 ] 0.01

24 10 0.02

20 12 0.02

12 20 0.02

6 40 0.02

4 60 0.02
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Table 5.2 (continued)

Case B: Semi-interquartile range of z* = 4.39

Sample Number Cell Mean square
size of cells size error
30 30 1 0.55
15 2 (.38
10 3 0.28
6 5 0.19
5 6 0.17
3 10 0.14
60 60 I 0.55
15 4 0.22
10 6 0.16
6 10 0.10
5 12 0.10
4 15 011
3 20 0.08
120 120 1 0.60
30 4 0.27
20 6 020
12 10 0.13
10 12 0.11
8 15 0.10
] 20 0.08
5 24 0.09
4 30 0.10
3 40 012
240 240 1 0.60
60 4 0.27
40 6 019
24 10 0.12
20 12 0.11
16 15 0.0%
12 20 0.07
10 24 0.07
8 30 0.06
6 40 0.05
5 48 0.07
4 60 0.07
3 &0 0.09
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log (P;i/P,)) = B'(z" — 21, (5.19)

or

i
P; = (5.20)

exp(B( — )

L

k
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When there are repetitions at each level of the vector of explanatory
variables, eq. (5.19) can be adapted to a Berkson-type analysis, with f
estimated by least squares applied to the equation

ri +1/2 . :
log[r—:-i—}—li/z] = B — 2 + ¢, | (5.21)
= — Zl Zl i log[z exp(f'(z¥ — zﬁ))], (5.22)
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1 7,
OL/0p = Z Zx (fi — P j;')zﬁ]a

i=1 j=
and
! Ji > s . =
B2L/6POP = — . Y. (&~ TIPH" — 7Y,
i=1 j=1
where
. Ji ..
' = Z lePﬁ:
j=1
and
exp(f'z”)
ji = J: ~
3 exp(p'z*)
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i=1 j=1

A typical Newton-Raphson iteration, starting from a candidate para-
meter vector f and associated probabilities P;; from eq. (5.26), has the

form
| - J Ji -- . — . . -1
B=F+ ;1 2 (" —Z)P{z" — E‘)’:'
: I J; B ) _
2, %@ - P,-s)]- (5:28)

Note that B can be interpreted as the ordinary least squares estimator
in the linear model

JP) (fii = P) = J(Pp)- BE* =7 + ¢, (5.29)
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I J
S(ﬁ) = Z Z (fji - P ji(ﬂ))z/ P}:',

R? =1 — S(B)/5(P).

Lp=73 5 filogPyp)

i=1 j=1

p? =1 — LB/LB),
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Z ; J(l - 51:) (5-34)

=1 j

Then, the expected cost of misclassification,

= i JZ Pici1 — ;) (5.35)
i=1 j=1
$ £ - 6)/P,
1=1- 2= —, (5.36)
Y 3 fill = VI/F,
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