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1 The Model

The True Model
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Parameters estimation

Procedure 1

" b
1b
2

# b are OLS estimation of using data

from the model above.

Procedure 2 1is OLS estimation of = 1 1 + using
data from the true model above

Procedure 3 e = ( e = b if | |
2

2e = 1 otherwise
,

where | |
2
means the absolute value of the random variable

-statistic for the estimator b2.
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The first procedure estimates the OLS parameters. The second
procedure estimates a wrong model in which the parameter 2

is not computed.

The third procedure uses two estimations and the parameter

2 belongs to the final one only if it is statistically signifi-
cant. This is the common method of estimating a OLS with
a number of variables in order to observe which of them are
statistically significant. The second and final estimation uses
only the variables which had significant estimated parameters
in the first estimation.
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2 The Variance Analysis in the True
Model
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For big enough:
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3 The Bias and Variance Analysis in
the second Procedure
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The Exclusion of 2 Estimation
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But:
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The absolute bias in the second procedure gets bigger as

| | 1

The variance of the second procedure:

The 1 Variance: Exclusion of 2
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= lim 2
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But 2, 1 are normals is normal
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For big enough:
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The Pre-Test Estimator has the distribution:
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Observe that:
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Suppose:
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4 The Parameter Analysis of Proce-
dures 1 and 3

This section provides the following facts for 0 2 0

1. The increase in the error variance makes the OLS and
Pre-Test Estimators less precise.

2. The increase in the error variance makes the Pre-Test
more biased.

3. The increase in the correlation among variables makes
the OLS and Pre-Test Estimators less precise.

4. The increase in the correlation among variables makes
Pre-Test Estimators more biased.
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5 The 1 Analysis of Procedures 1, 2
and 3 for a specific Model

Let the model be:
The True Model:

=
1
1

¸
+ ; = 1 50; N (0 5) i.i.d.;

= 1 + 2 + ; 2 = 5; = 50;

1

2

¸
N 0

1
1

¸
i.i.d.; 1

2

¸
=

1
1

¸

54



�������� 	��
���� ����
�� �����
�

-2 -1 0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

1.2

β
1
, ρ =0.05 σ2 =5

P
ro

b
a

b
ili

ty
 D

e
n

si
ty

 F
u

n
ct

io
n

 o
f e

st
im

a
te

d
β 1

 N
 =

 5
0 β

1
 : normal OLS, no drop of β

2
, E( β

1
) = 1

β
1
 : drop of not significant β

2
, E( β

1
) =1.0001

β
1
 : for no β

2
 at all,  E( β

1
) =1.0469

����������	
 	� ��
 � ��� � � ����� �� � �

55



�������� 	��
���� ����
�� �����
�

-2 -1 0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

1.2

β
1
, ρ =0.1 σ2 =5

P
ro

b
a

b
ili

ty
 D

e
n

si
ty

 F
u

n
ct

io
n

 o
f e

st
im

a
te

d
β 1

 N
 =

 5
0 β

1
 : normal OLS, no drop of β

2
, E( β

1
) = 1

β
1
 : drop of not significant β

2
, E( β

1
) =1.0119

β
1
 : for no β

2
 at all,  E( β

1
) =1.1031

��	
���
��� �� ��
� � ��� � � ����� �� � �

56



�������� 	��
���� ����
�� �����
�

-2 -1 0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

1.2

β
1
, ρ =0.15 σ2 =5

P
ro

b
a

b
ili

ty
 D

e
n

si
ty

 F
u

n
ct

io
n

 o
f e

st
im

a
te

d
β 1

 N
 =

 5
0 β

1
 : normal OLS, no drop of β

2
, E( β

1
) = 1

β
1
 : drop of not significant β

2
, E( β

1
) =1.0083

β
1
 : for no β

2
 at all,  E( β

1
) =1.1486

����������	
 	� ��
 � ��� � � ����� �� � �

57



�������� 	��
���� ����
�� �����
�

-2 -1 0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

1.2

β
1
, ρ =0.2 σ2 =5

P
ro

ba
bi

lit
y 

D
en

si
ty

 F
un

ct
io

n 
of

 e
st

im
at

ed
β 1 N

 =
 5

0 β
1
 : normal OLS, no drop of β

2
, E(β

1
) = 1

β
1
 : drop of not significant β

2
, E(β

1
) =1.0181

β
1
 : for no β

2
 at all,  E( β

1
) =1.2023

��	
���
��� �� ��
� � ��� � � ����� �� � �

58



�������� 	��
���� ����
�� �����
�

-2 -1 0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

1.2

β
1
, ρ =0.25 σ2 =5

P
ro

b
a

b
ili

ty
 D

e
n

si
ty

 F
u

n
ct

io
n

 o
f e

st
im

a
te

d
β 1

 N
 =

 5
0 β

1
 : normal OLS, no drop of β

2
, E( β

1
) = 1

β
1
 : drop of not significant β

2
, E( β

1
) =1.0169

β
1
 : for no β

2
 at all,  E( β

1
) =1.2458

����������	
 	� ��
 � ��� � � ����� �� � �

59



�������� 	��
���� ����
�� �����
�

-2 -1 0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

1.2

β
1
, ρ =0.3 σ2 =5

P
ro

b
a

b
ili

ty
 D

e
n

si
ty

 F
u

n
ct

io
n

 o
f e

st
im

a
te

d
β 1

 N
 =

 5
0 β

1
 : normal OLS, no drop of β

2
, E( β

1
) = 1

β
1
 : drop of not significant β

2
, E( β

1
) =1.0232

β
1
 : for no β

2
 at all,  E( β

1
) =1.2965

��	
���
��� �� ��
� � ��� � � ����� �� � �

60



�������� 	��
���� ����
�� �����
�

-2 -1 0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

1.2

β
1
, ρ =0.35 σ2 =5

P
ro

b
a

b
ili

ty
 D

e
n

si
ty

 F
u

n
ct

io
n

 o
f e

st
im

a
te

d
β 1

 N
 =

 5
0 β

1
 : normal OLS, no drop of β

2
, E( β

1
) = 1

β
1
 : drop of not significant β

2
, E( β

1
) =1.0309

β
1
 : for no β

2
 at all,  E( β

1
) =1.3496

����������	
 	� ��
 � ��� � � ����� �� � �

61



�������� 	��
���� ����
�� �����
�

-2 -1 0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

1.2

β
1
, ρ =0.4 σ2 =5

P
ro

b
a

b
ili

ty
 D

e
n

si
ty

 F
u

n
ct

io
n

 o
f e

st
im

a
te

d
β 1

 N
 =

 5
0 β

1
 : normal OLS, no drop of β

2
, E( β

1
) = 1

β
1
 : drop of not significant β

2
, E( β

1
) =1.0401

β
1
 : for no β

2
 at all,  E( β

1
) =1.3991

��	
���
��� �� ��
� � ��� � � ��	�� �� � �

62



�������� 	��
���� ����
�� �����
�

-2 -1 0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

1.2

β
1
, ρ =0.45 σ2 =5

P
ro

b
a

b
ili

ty
 D

e
n

si
ty

 F
u

n
ct

io
n

 o
f e

st
im

a
te

d
β 1

 N
 =

 5
0 β

1
 : normal OLS, no drop of β

2
, E( β

1
) = 1

β
1
 : drop of not significant β

2
, E( β

1
) =1.0541

β
1
 : for no β

2
 at all,  E( β

1
) =1.4537

����������	
 	� ��
 � ��� � � ��	�� �� � �

63



�������� 	��
���� ����
�� �����
�

-2 -1 0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

1.2

β
1
, ρ =0.5 σ2 =5

P
ro

b
a

b
ili

ty
 D

e
n

si
ty

 F
u

n
ct

io
n

 o
f e

st
im

a
te

d
β 1

 N
 =

 5
0 β

1
 : normal OLS, no drop of β

2
, E( β

1
) = 1

β
1
 : drop of not significant β

2
, E( β

1
) =1.0569

β
1
 : for no β

2
 at all,  E( β

1
) =1.496

��	
���
��� �� ��
� � ��� � � ����� �� � �

64



�������� 	��
���� ����
�� �����
�

-2 -1 0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

1.2

β
1
, ρ =0.55 σ2 =5

P
ro

b
a

b
ili

ty
 D

e
n

si
ty

 F
u

n
ct

io
n

 o
f e

st
im

a
te

d
β 1

 N
 =

 5
0 β

1
 : normal OLS, no drop of β

2
, E( β

1
) = 1

β
1
 : drop of not significant β

2
, E( β

1
) =1.0822

β
1
 : for no β

2
 at all,  E( β

1
) =1.5524

����������	
 	� ��
 � ��� � � ����� �� � �

65



�������� 	��
���� ����
�� �����
�

-2 -1 0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

1.2

β
1
, ρ =0.6 σ2 =5

P
ro

b
a

b
ili

ty
 D

e
n

si
ty

 F
u

n
ct

io
n

 o
f e

st
im

a
te

d
β 1

 N
 =

 5
0 β

1
 : normal OLS, no drop of β

2
, E( β

1
) = 1

β
1
 : drop of not significant β

2
, E( β

1
) =1.1009

β
1
 : for no β

2
 at all,  E( β

1
) =1.5972

��	
���
��� �� ��
� � ��� � � ��
�� �� � �

66



�������� 	��
���� ����
�� �����
�

-2 -1 0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

1.2

β
1
, ρ =0.65 σ2 =5

P
ro

b
a

b
ili

ty
 D

e
n

si
ty

 F
u

n
ct

io
n

 o
f e

st
im

a
te

d
β 1

 N
 =

 5
0 β

1
 : normal OLS, no drop of β

2
, E( β

1
) = 1

β
1
 : drop of not significant β

2
, E( β

1
) =1.125

β
1
 : for no β

2
 at all,  E( β

1
) =1.6499

����������	
 	� ��
 � ��� � � ��
�� �� � �

67



�������� 	��
���� ����
�� �����
�

-2 -1 0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

1.2

β
1
, ρ =0.7 σ2 =5

P
ro

b
a

b
ili

ty
 D

e
n

si
ty

 F
u

n
ct

io
n

 o
f e

st
im

a
te

d
β 1

 N
 =

 5
0 β

1
 : normal OLS, no drop of β

2
, E( β

1
) = 1

β
1
 : drop of not significant β

2
, E( β

1
) =1.1587

β
1
 : for no β

2
 at all,  E( β

1
) =1.7

��	
���
��� �� ��
� � ��� � � ����� �� � �

68



�������� 	��
���� ����
�� �����
�

-2 -1 0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

1.2

β
1
, ρ =0.75 σ2 =5

P
ro

b
a

b
ili

ty
 D

e
n

si
ty

 F
u

n
ct

io
n

 o
f e

st
im

a
te

d
β 1

 N
 =

 5
0 β

1
 : normal OLS, no drop of β

2
, E( β

1
) = 1

β
1
 : drop of not significant β

2
, E( β

1
) =1.1996

β
1
 : for no β

2
 at all,  E( β

1
) =1.747

����������	
 	� ��
 � ��� � � ����� �� � �

69



�������� 	��
���� ����
�� �����
�

-2 -1 0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

1.2

β
1
, ρ =0.8 σ2 =5

P
ro

b
a

b
ili

ty
 D

e
n

si
ty

 F
u

n
ct

io
n

 o
f e

st
im

a
te

d
β 1

 N
 =

 5
0 β

1
 : normal OLS, no drop of β

2
, E( β

1
) = 1

β
1
 : drop of not significant β

2
, E( β

1
) =1.2558

β
1
 : for no β

2
 at all,  E( β

1
) =1.7998

��	
���
��� �� ��
� � ��� � � ����� �� � �

70



�������� 	��
���� ����
�� �����
�

-2 -1 0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

1.2

β
1
, ρ =0.85 σ2 =5

P
ro

b
a

b
ili

ty
 D

e
n

si
ty

 F
u

n
ct

io
n

 o
f e

st
im

a
te

d
β 1

 N
 =

 5
0 β

1
 : normal OLS, no drop of β

2
, E( β

1
) = 1

β
1
 : drop of not significant β

2
, E( β

1
) =1.3337

β
1
 : for no β

2
 at all,  E( β

1
) =1.8512

����������	
 	� ��
 � ��� � � ����� �� � �

71



�������� 	��
���� ����
�� �����
�

-2 -1 0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

1.2

β
1
, ρ =0.9 σ2 =5

P
ro

b
a

b
ili

ty
 D

e
n

si
ty

 F
u

n
ct

io
n

 o
f e

st
im

a
te

d
β 1

 N
 =

 5
0 β

1
 : normal OLS, no drop of β

2
, E( β

1
) = 1

β
1
 : drop of not significant β

2
, E( β

1
) =1.4275

β
1
 : for no β

2
 at all,  E( β

1
) =1.9

��	
���
��� �� ��
� � ��� � � ���� �� � �

72



�������� 	��
���� ����
�� �����
�

-2 -1 0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

1.2

β
1
, ρ =0.95 σ2 =5

P
ro

b
a

b
ili

ty
 D

e
n

si
ty

 F
u

n
ct

io
n

 o
f e

st
im

a
te

d
β 1

 N
 =

 5
0 β

1
 : normal OLS, no drop of β

2
, E( β

1
) = 1

β
1
 : drop of not significant β

2
, E( β

1
) =1.5517

β
1
 : for no β

2
 at all,  E( β

1
) =1.9507

����������	
 	� ��
 � ��� � � ���� �� � �

� 73



��� ��� 	��
���� ����
�� �����
�

0

0.5

1

-2
-1

0
1

2
3

4

0

0.2

0.4

0.6

0.8

1

1.2

1.4

��	
���
��� �� ��
� � ��� �� � �� � � ��� ��

74



�������� � �� 	��
���� ����
�� �����
�

0
0.2

0.4
0.6

0.8
1

-2

0

2

4
0

0.5

1

1.5

ρβ
1
 : for no β

2
 at all

����������	
 	� ��
 � ��� �� � �� � � ��� ��

75



�������� ��� 	��
���� ����
�� �����
�

0

0.5

1

-2-101234

0

0.2

0.4

0.6

0.8

1

1.2

1.4

β
1
 : drop of not significant β

2

ρ

��	
���
��� �� ��
� � ��� �� � �� � � ��� ��

76



�������� 	��
���� 	�������
�

0 0.2 0.4 0.6 0.8 1
0.8

1

1.2

1.4

1.6

1.8

2

ρ  (σ2 = 5)

E
xp

e
ct

a
tio

n
 o

f e
st

im
a

te
d

β 1

E[β
1
(ρ)] without drop of β

2

E[β
1
(ρ)] with drop of not significant β

2
 (N = 50)

E[β
1
(ρ)] without β

2
 in the regression

��������	
� 
� �
� � ��� �� � �� � � ��� ��
�� � �

�
��

��

� � �
����

�

� � �
�
� 	 ���

��

� 	
����
�����

�

�

���������� �� �
�	



�� �
�� ����� �
�������

���
� �

�

� �
�� ����� �� �
�������

���
� �

�

�
���

�
� �

�������
���
� �

�
� � 	

�
�� �

�������
���
� �

�
� 
� 	 ���

77



6 The 1 T-statistic Analysis of Pro-
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7 The 2 Analysis
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Observe that for the case of = 1 we obtain the model:

= 1

2

¸
+ ; = 1 ; N (0 2) i.i.d.;

= 1 1 + 2 2 +

= 1 1 + ( 1 ) 2 +

= 1 ( 1 + ) +

No loss of information. 2 remains the same, but the estimator
is highly biased.
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8 Conclusion

Suppose the variables have a reasonable correlation.

There is a high Probability to Procedure the second
Estimation:
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