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1 Introduction
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• The traditional approach to studying wage and employment inequality, as 
emphasized by Acemoglu and Autor (2011), relies on a view of labor markets 
where each worker is endowed with a certain level of “human capital” that 
rigidly dictates the type of job they are able to hold. 

• This view has gradually evolved into one of labor markets as institutions 
mediating the endogenous allocation of workers with heterogeneous skills into 
tasks with heterogeneous skill requirements: any worker can now potentially 
perform any job, with their skills determining how good they are at any given 
job, while the market determines the assignment of skills to tasks. 

• This more general view of labor markets has afforded great progress in our 
understanding of wage and employment inequality.
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2 Related Literature
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• This paper is related to the vast empirical literature on the returns to firm and 
occupation tenure.

• Recent work on task-specific human capital (see, for example, Poletaev and 
Robinson, 2008; Gathmann and Schonberg, 2010, among others). 

• As a preamble to their review of the empirical literature, Sanders and Taber 
(2012) offer an elegant theoretical model of job search and investment in multi-
dimensional skills which, on many aspects, can be seen as a special case of the 
model in this paper.

• However, they only use their model to provide intuition and highlight key 
qualitative predictions of the theory, and do not bring it to the data.
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2 Related Literature



Heckman 7

3 Job Search with Multi-dimensional Job 
and Worker Attributes
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3.1 The Model
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The Environment

• Workers are characterized by general and specialized skills. 

• The market productivity of specialized skills depends on the technology of a 
particular firm, while general skills have a common effect on output, 
independent of the particular firm technology a worker is currently matched 
with. 

• Match output is f(x, y), where x ∈ X ⊂ RK describes the worker’s set of skills, and 
y ∈ Y ⊂ RL describes the firm’s technology, with L ≤ K. 

• The first L worker skills are specialized with the remaining K − L being general 
skills. Time is continuous. 

• The firm’s technology is fixed, but the worker’s skills gradually adjust to the firm’s 
technology as follows:

where g : RK × RL → RK is a continuous function.



Heckman 10

Firm, worker, and match values

• We denote the total private value (i.e. the value to the firm-worker pair) of a 
match between a type-x worker and a type-y firm by P(x, y).

• Under linear preferences over wages, this value is independent of the way in 
which it is shared between the two parties, and only depends on match 
attributes (x, y). 

• We further denote the value of unemployment by U(x), and the worker’s value of 
her/his current wage contract by W, which we discuss in detail below. 

• Admissible worker values imply W ≥ U(x) (otherwise the worker would quit into 
unemployment), and W ≤ P(x, y) (otherwise the firm would fire the worker). 

• Assuming that the employer’s value of a job vacancy is zero (which would arise 
under free entry and exit of vacancies on the search market), the total surplus 
generated by a type-(x, y) match is P(x, y) − U(x), and the worker’s share of that 
surplus is (W − U(x)) / (P(x, y) − U(x)).
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Rent sharing and wages

• Wage contracts are renegotiated sequentially by mutual agreement, as in the 
sequential auction model of Postel-Vinay and Robin (2002). 

• Workers have the possibility of playing off their current employer against any 
firm from which they receive an outside offer. 

• If they do so, the current and outside employers Bertrand-compete over the 
worker’s services.

• Consider a type-x worker employed at a type-y firm and assume that the worker 
receives an outside offer from a firm of type y′. 

• Bertrand competition between the type-y and type-y′ employers implies that the 
worker ends up in the match that has higher total value — that is, he stays in his 
initial job if P(x, y) ≥ P(x, y′) and moves to the type-y′ job otherwise — with a new 
wage contract worth W′ = min {P(x, y), P(x, y′)}.
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Value functions and wage equation

• The total private value of a match between a type-x worker and a type-y firm, 
P(x, y), solves:

• Note that the frequency at which the worker collects offers, λ1, does not affect 
P(x, y). 

• Upon receiving an outside offer, the worker either stays in his initial match, in 
which case the continuation value for that match is P(x, y), or he accepts the 
offer, in which case he extracts a value of P(x, y) from the poacher (as a result of 
Bertrand competition) and leaves his initial employer with a vacant job worth 0.
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• The value of unemployment, U(x), solves:

where the employer type is set to y = 0L for an unemployed worker. 

• For reasons similar to those just discussed about P(x, y), the worker fails to 
internalize the gain in surplus associated with accepting a job offer, and the 
private value of unemployment is independent of the frequency at which those 
offers arrive.
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• The worker receives an endogenous share σ of the match surplus P(x, y) − U(x), 
which s/he values at W(x, y, σ) = (1−σ)U(x)+σP(x, y). The wage w(x, y, σ) 
implementing that value solves:

where the expectation is taken over the sampling distribution, y′ ∼ .

• Combining (2), (3) and (4) (using W(x, y, σ) = (1 − σ)U(x) + σP(x, y)) further yields 
the following wage equation:
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3.2 Model Analysis
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A fully closed-form case

• Full closed-form solutions can be obtained under specific functional form 
assumptions. We now give an example, which we will use in our empirical 
specification below.

• We first restrict the dimensionality of worker and job attributes, both for 
simplicity of exposition and because those restrictions are relevant to the 
empirical application below (nothing in the theory depends on those particular 
restrictions). 

• We think of a typical worker’s skill bundle x = (xC, xM, xI , xT ) as capturing (i) the 
worker’s cognitive skills xC, (ii) the worker’s manual skills xM, (ii) the worker’s 
interpersonal skills xI , and (iv) the worker’s “general efficiency” xT.

• Jobs are likewise characterized by a three-dimensional bundle y = (yC, yM, yI) 
capturing measures of the job’s requirements in cognitive, manual, and 
interpersonal skills.
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• The key functional form assumption: linear adjustment for skills. 

• In particular, we assume that a worker’s specialized (i.e. cognitive, manual, and 
interpersonal) skills adjust linearly to his/her job’s skill requirements:

• The 𝛾𝑘
𝑢/0

’s are all positive constants governing the speed at which worker skills 

adjust to a job’s requirements. 

• Note that we allow that speed to differ between upward and downward 

adjustments (𝛾𝑘
𝑢 vs 𝛾𝑘

0 for 𝑘 = 𝐶,𝑀, 𝐼, where “u” stands for “under-qualified” 

and “o” stands for “over-qualified”), and between skill types (𝛾𝐶
𝑢/0

vs 𝛾𝑀
𝑢/0

vs 

𝛾𝐼
𝑢/0

). 

• In this case a worker’s skills relate to job tenure as follows:
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• The production function:

• Flow disutility of work:
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• The utility cost of being under-matched further allows for an excess of skills to 
cause a loss of match value, albeit without causing a loss of output. 

• An appealing implication of this specification over-qualified workers will have to 
be compensated for that utility cost, and will therefore have to be paid more in 
a given job than workers whose skills exactly match the job’s requirements.

• A visual impression of the flow surplus from a match, f (x, y)−c (x, y), is is given 
by the dotted lines on Figure 1, which are constructed in the same way as the 
corresponding production function lines discussed above. 

• The relatively small vertical distance between the solid and dotted lines in 
regions of the graphs where the worker is overqualified suggests that the utility 
cost of over-qualification is quantitatively relatively small - a point to which we 
will return when we discuss estimation results.
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Figure 1: The production function
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4 Data
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4.1 Construction of the Estimation Sample
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4.2 Empirical content of skill and skill 
requirement bundles
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• This can be seen in Table 1, which presents the results from regressions of log 
wages on various sets of skill and skill requirement measures. 

• The R2 including our skill requirement measures is higher than when including 
the AD task measures (0.38 compared to 0.34). 

• When both sets of measures are included in the regression, the R2 barely 
increases relative to the specification using only our measures, and many of the 
coefficient estimates on the AD task measures become small and statistically 
insignificant, while our measures continue to have the same statistically 
significant coefficients as when entered alone. 

• These results hold both when we include only level effects and interactions 
between initial worker skills and job skill requirement (columns 1–3 compared 
to 4–6).
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Table 1: Empirical content of skill and task measures
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Table 1: Empirical content of skill and task measures
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• In Table 2 we consider the empirical content of our skill measures relative to 
occupation fixed effects, again in terms of the descriptive wage regression. 

• Column 1 regresses log wages on our vector of skill measures for workers, the 
skill requirements of their occupation and the interactions. 

• These coefficients are all used as moments in our estimation. 

• In column 2 we drop our occupation skill demand measures and replace them 
with occupation fixed effects at the one-digit level23. 

• In column 3 we include the occupation fixed effects and the interactions 
between our worker skill measures and our occupation skill requirement 
measures. 

• There are several things to note.
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Table 2: Occupation and Individual Fixed Effects
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Table 3: Effect of quality and duration of first job on quality of second 
job
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5 Estimation
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5.1 Simulation
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5.2 Targeted Moments
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5.3 Identification
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6 Results
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6.1 Model Fit
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• Figure 2 illustrates various aspects of the fit. All time series in Figure 2 are 
plotted over a period of 15 years (180 months, i.e. the sample window used for 
estimation), together with 95% confidence bands (based on 1,500 bootstrap 
replications) around the data series. Figure 2h further shows the fit in terms of 
the descriptive wage regression discussed in Section 4.
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Figure 2: Model fit
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Figure 2: Model fit
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Figure 2: Model fit
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Figure 2: Model fit
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6.2 Parameter Estimates
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• Table 4 shows point estimates of the model parameters with asymptotic 
standard errors in parentheses below each estimate.

• There is little to say about the offer arrival and job destruction rates, which are 
within the range of standard estimates on US data even though the ratio λ1/λ0 
≃ 0.42 is on the high end of that range. 

• Overall job productivity is increasing in all cognitive, manual and interpersonal 
skill requirements, with the loading on cognitive skills between 1.5 and two 
times as large as the ones on manual and interpersonal skills. 

• Job skill requirements are complementary to the corresponding worker skills 
(αCC, αMM and αII are all positive), although complementarity is an order of 
magnitude stronger in the cognitive than in the other two skill dimensions.
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Table 4: Parameter estimates



Heckman 45

6.3 Skill Mismatch, Skill Changes, and 
Sorting
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• The top row of Figure 3 (Panels a, b and c) show the marginal sampling 
distributions of pairs of job attributes, integrating out one skill dimension at a 
time.

• The second row of Figure 3 (Panels d, e and f) do the same for the distribution 
of initial skills among labor market entrants, N(·). 

• Plots of the sampling distribution suggest that labor demand is concentrated 
around jobs with intermediate to high manual skill requirements (yM around 
0.5 to 0.6), and modest levels of cognitive and interpersonal skill requirements 
(yC and yI round 0.2). 

• A visual comparison of the top two rows of Figure 3 further suggests that labor 
market entrants are, on average, endowed with levels of manual skills that 
roughly coincide with what the sampling distribution suggests employers are 
looking for, but also seem to have much higher levels of cognitive and 
interpersonal skills than is required in most jobs.
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Figure 3: Distribution of skill requirements and evolution of worker 
skills with experience



Heckman 48

Figure 3: Distribution of skill requirements and evolution of worker 
skills with experience
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Figure 3: Distribution of skill requirements and evolution of worker 
skills with experience
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Figure 3: Distribution of skill requirements and evolution of worker 
skills with experience
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Figure 4: Sorting
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Figure 4: Sorting
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7 The Determinants of Social Output
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• Analyze the determinants of the social value of output in our model economy. 

• Specifically, focus on the expected present discounted sum of future output 
produced by a worker from experience t onwards (the “experience-t expected 
career output”). 

• Consider a worker i with experience t, who is either unemployed (denoted by 
ℓit = 0) or employed (ℓit = 1) in a job with attributes yit. 

• The worker has education (years of schooling) edi, initial skill bundle xi0, 
unobserved ability ε0i and current skills xit.

• Experience-t expected career output is then defined as:
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Table 5: Decomposition of Var ln Qit
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Table 6: Further decomposition of Var ln Qit
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Table 7: Elasticities of Qit
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8 Extension: Worker Bargaining Power
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Table 8: Parameter estimates (with worker bargaining power)
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Figure 5: Model fit (with worker bargaining power)
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Figure 5: Model fit (with worker bargaining power)
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Figure 5: Model fit (with worker bargaining power)
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Figure 5: Model fit (with worker bargaining power)
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9 Conclusion


