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1 The Model

The True Model

MOd@lIY;:Xilﬁll—I—Ei; i=1,...,N; & ~N(0,0%) 1iid;



Parameters estimation
B,
By

from the model above.

Procedure 1 = B are OLS estimation of 3 using data

Procedure 2 3,is OLS estimation of Y; = 8, Xy; + &, using
data from the true model above

B=Bif |t >2

Procedure 3 E = < .
B = 3, otherwise

)

\

where WBQ means the absolute value of the random variable

t-statistic for the estimator 32.



The first procedure estimates the OLS parameters. The second
procedure estimates a wrong model in which the parameter (3,
1s not computed.

The third procedure uses two estimations and the parameter
B, belongs to the final one only if it is statistically signifi-
cant. This is the common method of estimating a OLS with
a number of variables in order to observe which of them are
statistically significant. The second and final estimation uses
only the variables which had significant estimated parameters
in the first estimation.



Observe that:

5 B, with Prob.= Pr (\% > 2)
L [, with Prob.=1— Pr (|t\32 > 2)



2 The Variance Analysis in the True
Model

The OLS Estimation
B = (X'X)' XY =08+ (X'X)"Xe

X'X\ X
() B




For N big enough:

~ o’ 1 1 —p
3 (55 = (L 7))

~ o? (1 0
,0—>O:>va7“(5)ﬁﬁ<o 1)

p —

-1l = var(8) — oo (perfect colinearity)

~ 2 1
61 ™~ N(ﬁla?—\fl_p2>

~ 2 1
62 ~ N(ﬁQ?ifl_pQ)




3 The Bias and Variance Analysis in
the second Procedure



The Exclusion of (5, Estimation

_ X p
B, = (X X)) X’Y ZZ 1 12
Zi:1 Xl,i

27{11 (X108, + X289 +€i) X1
N
D im X12,z'
Bq Zi\; X1,:X9,; + Zi\il gi X1,

— 51—'_ N
Zz 1X122

62 ZN Xl X2 ,1 _|_ ZZ ) EzXl )
N X
Zizl N

= pr+




But:

87;X i
Nl >p E (Ez’Xl,z’) — O ]

1=1
YOX X

1’sz 2 E(X1:X2;)=p (WLLN)
1=1

N X2

Yot -3

1=1

= 01 —p B+ pBs
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The absolute bias in the second procedure gets bigger as
| =y L.
The variance of the second procedure:

The 3, Variance: Exclusion of §,

assvar(f8,) = assvar ((X{Xl)_l X{Y)
= assvar ((X{Xl)_l X1 (XafBy + Xofy + 8))

— assvar (61 + B, (X1 X)) T X Xy 4+ (X X)) Xif)
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_ li 2 - X{Xl - X{XQ -
— plim 2 N \/N —p

2

~+plim (

X{X1>1 X'e
N JN

= b (Xz',l)_l ' (53 -var | X;1.X; 0] + 02)
E— 6% -var [Xi,lXi,Q] + 0'2
= By (B [X0 X —p%) +07

Observe that:

X1 = Px, (X1) +Prx, (X1)
X1 = pXo+4wv; v L Xy
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But X5, X are normals = v is normal

var[X,] =1 = p? + var[v)
= var[v] =1 — p? and E[v] = 0.

(The Jacobian method of change of variables can also provide
the same result: v = X7 — pX5.)

= E(X{X3) = E((pX2 +v)" - X3)
but:

( ) O_J

Y (Xg) = < (3772) 23/2 for j even
0 for 5 odd

\
= E(X3) =303 =3
= assvar(B,) = B3 (1—p*) + 07
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For N big enough:

y B3 - (1—p*)
By~ (51 + /0527 N + N )

14



The Pre-Test Estimator has the distribution:

N (51, ‘ﬁ - 1_1p2> with Prob.= Pr (\t\@ > 2)

~

6 ~ 5 2.(1_,2
N Y (51 + pBy, %+ U )) with Prob.= 1 — Pr (|t|32 > 2)

for N large enough

The bias (due to pf, # 0) depends on

e the level of the correlation p;
e the value of (,;

e the size of pf,;

e the probability Pr (|IS|B2 < 2)
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Observe that:

~ 2 1
BzNN<527?V'1_p2> =

Pr(\t|g2<2)m1> 2 o | —2-

The variance of ¢; which affects |t\B2 - 02 1= Pr (\t|32 < 2) 7
The Expectation of £(X;X;) which affects [t|5 .

An increase in |p| increases the variance of 8, which increases
Pr (‘t|g2 < 2)
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f(c) = ®(2-1/ 6) - ®(-2-1/ o)
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z: f(0) = ®(2-1/ 6)- ®(-2-1/ ©)

flo)=®(2-3) - @ (-2~ 7)
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Suppose:

P
]
b
%
>

We obtain the results:
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Expectation of B1

1.8

—
(o))
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~

1.2

Expectation of /817 B,

E[B1(p)] without drop of Bz
- e o= E[B1(p)] without 82 in the regression
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Assimptotic variance of [31
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4 'The Parameter Analysis of Proce-
dures 1 and 3

This section provides the following facts for p > 0, 3, > 0.

1. The increase in the error variance makes the OLS and
Pre-Test Estimators less precise.

2. The increase in the error variance makes the Pre-Test
more biased.

3. The increase in the correlation among variables X makes
the OLS and Pre-Test Estimators less precise.

4. The increase in the correlation among variables X makes
Pre-Test Estimators more biased.
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Pre-Test Estimator Density Function

EEN » (o] - N
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Probability Density Function of estimated 61 N=50
o
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Distribution of [,
N =50, p=0.25 o0%=1
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Pre-Test Estimator Density Function

o o o =
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Probability Density Function of estimated B1 N =50
o
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B ] density with drop of
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B,, p=025 o =2

Distribution of (4
N =50, p=0.25; 0>=2
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Pre-Test Estimator Density Function
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Pre-Test Estimator Density Function

o — 3 ] density without drop of Bz

Te}

£ 1oL 61 density with drop of 62
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Pre-Test Estimator Density Function
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Probability Density Function of estimated 61 N=50
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Pre-Test Estimator Density Function

o o o =
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Distribution of (4
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o o o =
I o (3] - no

Probability Density Function of estimated 61 N=50
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Pre-Test Estimator Density Function

— ] density without drop of Bz
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Distribution of [,
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Pre-Test Estimator Density Function
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Pre-Test Estimator Density Function
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Pre-Test Estimator Density Function

o o o =
N (o)) (o] - N

Probability Density Function of estimated B1 N =50
o
N

— (3 ] density without drop of

B ] density with drop of

P

P

-1 0 1 2 3
B,, p=075 o =2

Distribution of (4
N =50, p=0.75; 0>=2

31




o o o =
I o (3] - no
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Probability Density Function of estimated B1 N =50

Pre-Test Estimator Density Function

B1, p=0.75 o=10

Distribution of (4
N =50, p=0.75; 0?=10
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o o o =
I o (3] - no
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Pre-Test Estimator Density Function
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Pre-Test Estimator Density Function
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Pre-Test Estimator Density Function
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Pre-Test Estimator Density Function
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Pre-Test Estimator Density Function
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Pre-Test Estimator Density Function

- — 62 density without drop of Bz
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Pre-Test Estimator Density Function
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Pre-Test Estimator Density Function
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Pre-Test Estimator Density Function
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Probability Density Function of estimated 61 N=50
o
[\

Pre-Test Estimator Density Function

— 62 density without drop of Bz
— [32 density with drop of Bz

N
w

-1 0 1
[32, p=05 o0=5

Distribution of B,
N =50, p=0.5; 02=5

44



Pre-Test Estimator Density Function
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Pre-Test Estimator Density Function
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Pre-Test Estimator Density Function
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Pre-Test Estimator Density Function

— 62 density without drop of Bz
— [32 density with drop of Bz

=
\}
T

EN (0} oo —_
T T T T

Probability Density Function of estimated 61 N=50
o
[\
T

B, p=0.75 c=10

Distribution of B,
N =50, p=0.75; 0*2=5

48




Pre-Test Estimator Density Function
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Pre-Test Estimator Density Function
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Pre-Test Estimator Density Function
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Pre-Test Estimator Density Function
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5 The 5, Analysis of Procedures 1, 2
and 3 for a specific Model

Let the model be:
The True Model:

1

Y;:Xill

]+ai; i=1,..,50; & ~N(0,5) iid.:
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Pre-Test Estimator Density Function

IS (0} oo - N

Probability Density Function of estimated B1 N =50
o
N

e 3 nOYMal OLS, N0 drop of B, E(B,) =1
: drop of not significant Bz’ E( B1) =1.0001
: for no 62 atall, E( [31)=1.0469

1 0 1 2 3
B, p=0.05 6% =5

Distribution of B4
N =50, p=0.05; 02=5
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Pre-Test Estimator Density Function
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Probability Density Function of estimated B1 N
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Distribution of B4
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Probability Density Function of estimated B1 N =50

Pre-Test Estimator Density Function
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Distribution of (4
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Pre-Test Estimator Density Function

B, N =50
o

Probability Density Function of estimated

: normal OLS, no drop of [32, E(B1) =1
: drop of not significant 62, E( [31) =1.0181
: for no Bz atall, E( 81) =1.2023
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Distribution of B4
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Probability Density Function of estimated [31 N =50

Pre-Test Estimator Density Function
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Distribution of B4
N =50, p=0.30; 02=5
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Probability Density Function of estimated [31 N =50

Pre-Test Estimator Density Function
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Distribution of (4
N =50, p=0.35 o0%2=5
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Pre-Test Estimator Density Function
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Distribution of B4
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Probability Density Function of estimated [31 N =50

Pre-Test Estimator Density Function
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- o —B1 : drop of not significant [32, E( [31) =1.0541
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B, p =045 6% =5

Distribution of (4
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Pre-Test Estimator Density Function

50

Probability Density Function of estimated B1 N

_61 : normal OLS, no drop of 62, E( [31) =1

- o= -61 : drop of not significant [32, E( 81) =1.0569
_[31 : for no Bzatall, E( B1)=1.496

61, p =0.5 6% =5

Distribution of B,
N =50, p=0.50; 02=5
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Probability Density Function of estimated [31 N =50

Pre-Test Estimator Density Function
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e 3,2 NOrmMal OLS, 0 drop of B, E(B) =1
- o —B1 : drop of not significant [32, E( [31) =1.0822

e 3, 2fOrno- B, atall, E( B,)=1.5524

B, p =055 6% =5

Distribution of [
N =50, p=055 02=5
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Pre-Test Estimator Density Function

: normal OLS, no drop of 62, E( [31) =1
- -61 : drop of not significant [32, E( B1) =1.1009
: for no Bz atall, E( [31):1.5972

Distribution of B,
N =50, p=0.60; 02=5
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Probability Density Function of estimated [31 N =50

Pre-Test Estimator Density Function
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Distribution of (4
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Pre-Test Estimator Density Function

_61 : normal OLS, no drop of 62, E( [31) =1
- = -61 : drop of not significant [32, E( 81) =1.1587

_61 : for no Bzatall, E( [31):1.7
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Distribution of B,
N =50, p=0.70; 0?>=5
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Distribution of [
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Probability Density Function of estimated [31 N =50
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Distribution of (4
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Distribution of (4
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Distribution of B4
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Pre-test 61 Estimator Density Function

B1 : drop of not significant [32

Distribution of B
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Pre-Test Estimator Expectation

2
E[[E‘)1 (p)] without drop of [32
18k | === E[[31 (p)] with drop of not significant 62 (N =50) )
El [31 (p)] without [32 in the regression )
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6 The (5, T-statistic Analysis of Pro-

cedures 1, 2 and 3 for a specific
Model
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Pre-Test T-statistic
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Pre-Test T-statistic
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T-statistic Density Function for Procedure 2 3; Estimator

t(B1) :forno Bz atall
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Expectation of estimated {( b,)

T-statistic Expectation for 3,

Et( [31 (p))] without drop of Bz

- o= = Et( B1(p))] with drop of not significant Bz (N =50)

E[t( [31 (p))] without [32 in the regression
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Probability of Use of the Pre-test Estimator Pr(\t|g2 < 2)

1 T T T T

09l Probability of Pre-test Estimator Use = Proby(| - B,(P)I<2)
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Prob(t- B,(0)l<2)
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Bum N (8% )
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(Pre-test) 5, = Bi b Proh— Py <‘ﬂ22 j 2)
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7 The R? Analysis
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Distribution of R?
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Probability Density Function of R 2 stat. N = 50

R? density Function
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Distribution of R?
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Probability Density Function of R 2 stat. N
N
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Distribution of R?
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R? density Function
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R? density Function
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R? density Function
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R? density Function
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ar R®stat.forno B, atall, E(R 2)=03031

Probability Density Function of R 2 stat. N

0 0.2 04 0.6 0.8
R? stat. for B ;P -055 o2 =5

Distribution of R?
N =50, p=0.55 02=5
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R? density Function

5 T T T T
R? stat. for no drop of Bz’ E(R 2) =0.39225
45
3 = = = R? stat. for drop of not sig. B, E(R %) —0.38834
I
ar R stat. for no B, atall, E(R %) =0.31719

Probability Density Function of R 2 stat. N

0 0.2 04 0.6 0.8
R? stat. for B ;P -06 0°=5

Distribution of R?
N =50, p=0.60; 02=5
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R? density Function

5 T T T T
R? stat. for no drop of [32, E(R 2) =0.40135
45
3 = = == R stat. for drop of not sig. B, E(R %) =0.39735
Il
ar R stat. for no B, atall, E(R 2) =0.33364

Probability Density Function of R 2 stat. N

0 0.2 04 0.6 0.8
R? stat. for B ;P -065 o2 =5

Distribution of R?
N =50, p=0.65 o02=5
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=50

Probability Density Function of R 2 stat. N

4.5

3.5

R? density Function

R? stat. for no drop of Bz’ E(R 2) =0.40762
= = = RZ stat. for drop of not sig. Bz’ E(R 2) =0.40341

R stat. for no Bz atall, E(R 2) =0.34834

0.2 04 0.6 0.8
R? stat. for B ;P -07 6°=5

Distribution of R?
N =50, p=0.70; 0*=5
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R? density Function

50

Probability Density Function of R 2 stat. N

R? stat. for no drop of [32, E(R 2) =0.4136
= = = R stat. for drop of not sig. 62, E(R 2) =0.40939

R stat. for no [32 atall, E(R 2) =0.36356

02 0.4 06 0.8
R? stat. for B . p =075 6% =5

Distribution of R?
N =50, p=0.75 o02=5
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=50

Probability Density Function of R 2 stat. N

4.5

3.5

R? density Function

R? stat. for no drop of Bz’ E(R 2) =0.42096
= = =R stat. for drop of not sig. Bz’ E(R 2) =0.41683

R stat. for no Bz atall, E(R 2) =0.38009

0.2 04 0.6 0.8
R? stat. for B ;P -08 6°=5

Distribution of R?
N =50, p=0.80; 02=5
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=50

Probability Density Function of R 2 stat. N

4.5

3.5

R? density Function

R? stat. for no drop of [32, E(R 2) =0.42096
= = = R stat. for drop of not sig. 62, E(R 2) =0.41683

R stat. for no [32 atall, E(R 2) =0.38009

0.2 0.4 0.6 0.8
R? stat. for B ;P -08 02 =5

Distribution of R?
N =50, p=0.85; 02=5
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4.5

=50

3.5

2.5

1.5

0.5

R? density Function

Probability Density Function of R 2 stat. N
N

R? stat. for no drop of Bz’ E(R 2) =0.43387
= = = RZ stat. for drop of not sig. Bz’ E(R 2) =0.43137

R stat. for no Bz atall, E(R 2) =0.41283

0.2 04 0.6 0.8
R? stat. for B ;P -09 6°=5

Distribution of R?
N =50, p=0.90; 02=5
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=50

Probability Density Function of R 2 stat. N

4.5

3.5

R? density Function

R? stat. for no drop of [32, E(R 2) =0.44027
= = = R stat. for drop of not sig. 62, E(R 2) =0.43973

R stat. for no B, atall, E(R 2) =0.42962

02 0.4 06 0.8
R? stat. for B . p =095 6% =5

Distribution of R?
N =50, p=0.95 o02=5
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Expectation of R 2 stat.

0.25

0.2

R? Expectation

E(R 2) stat. fornodropof f 5

= = = E(R?) stat. for drop of not significant

E(R 2) stat. for no Bz in the regression

B, (N =50)

0.2 0.4 0.6

Expectation of R?
N =50, pel0,1]; o°=5
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Observe that for the case of p = 1, we obtain the model:

Y, = X; [ gl ] +ei;1=1,.... N; ¢ NN(O,Oz) 1.1.d.;
2
i = Xl,i51‘|‘X2,i52‘|‘57;

X181+ (X1:8) By + €

Y, = X, (B1+¢)+e

No loss of information. R? remains the same, but the estimator
is highly biased.
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8 Conclusion

Suppose the variables have a reasonable correlation.

= There is a high Probability to Procedure the second
Estimation:
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Probability of Use of the Pre-test Estimator Pr(\t\g2 < 2)

Prob([t- B,(p)|<2)

E

1 T T T T

Probability of Pre-test Estimator Use = Prob(|t- Bz(p)| <2

09

0.8 r

0.7 |

0.6

05

04

03 r

02

01 Il Il Il Il
0 0.2 04 0.6 0.8 1

Probability of Non Rejection of H : BQ =0
Pr(\t|§2 < 2)
N =50, 02=5;p€cl0,1]

/51 ~N (517 UWQ : 1_1p2)
By ~N (ﬁl + pBa; %2 + —ﬂgi(jv_p2)>
~ Bl with Prob.= Pr (‘ﬂﬁz > 2)
(Pre-test) 5, = 31 with Prob.= Pr (‘ﬂBZ < 2)
() =Pr (|75, > 2) 81+ [Pr (|5, <2)] - (51 + pB2)
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Expectation of R 2 stat.

r? won’t change much:

R? Expectation

0.5
025 E(R 2) stat. for no drop of Bz
- == == (R 2) stat. for drop of not significant Bz (N = 50)

02 r

/ E(R?) stat. for no B, inthe regression

0 0.2 04 0.6 0.8 1

2
p (c°=9)

Expectation of R?
N =50, pel0,1]; o°=5
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Expectation of estimated var( B1)

The Variance Might Decrease:

Expectation of The Variance of 3,

1.4 ! !
—— E]Va ( B1(p))] without drop of Bz
12| - == == E[Var( [31 (p))] with drop of not significant [32 (N =50)
Elvar( B1 (p))] without 62 in the regression

Expectation of R?
N =50, pel0,1]; o°=5
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The Estimator 3,is very significant:

T-statistic Expectation for 3,

7
6 4
/
. /
< 5 ,/ i
> /
2 /
©
E 47 i i
® 7
2 -
o ——————————— - -
s 3 |
IS
[&]
()
g 2or 1
LI-I .
e E[t( B1(p))] without drop of Bz
1F | == = Et( B1(p))] with drop of not significant 62 (N =50) i
Et( 61 (p))] without 62 in the regression
0 1 1 1 1
0 0.2 04 0.6 0.8 1

p (6°=5)

Expectation of T' — statistics for (B,
N =50, 0% =5;p¢cl0,1]
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And Extreme Biased:

Pre-Test Estimator Expectation

E[, ()] withowt dropof B,

18l === E[B1(p)] with drop of not significant Bz (N =50)

E[ B1 (p)] without 62 in the regression

—_
(o)}

=
S}

Expectation of estimated 61
~

0 0.2 0.4 0.6 0.8 1
2
p (c°=9)

Expectation of
N =50, o0?=5;pc|0,1]

Bi~ N (8% 27)
B (81408, 5 + EG0)
B, with Prob.= Pr ([i]; > 2)
B, with Prob.=1—Pr ([i]; >2)
E (B’l) — Pr (m@ > 2) By + [1 Py (1%2 > 2)} (B + pBs)

(Pre-test) 3, =
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