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1. A Simple Life-cycle Model with Human 
Capital
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• In the MaCurdy (1981) formulation the period utility function is:

• Here, 𝐶𝐶𝑡𝑡 and ℎ𝑡𝑡 are consumption and hours of labour supplied in period 𝑡𝑡 , 
respectively.

• The parameter 𝛽𝛽 captures tastes for leisure. It is typically assumed to be 
individual specific in empirical work (but that is not necessary to make the 
points I wish to make here).

• Given a discount factor of 𝜌𝜌, and assuming perfect-foresight, the present value 
of lifetime utility is given by:
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• Workers maximise (2) subject to the constraint that the present value of 
lifetime consumption equals the present value of lifetime earnings. 

• Agents can borrow/lend across periods at interest rate r. In what follows I 
assume 𝜌𝜌 1 + 𝑟𝑟 = 1, in which case 𝐶𝐶𝑡𝑡 = 𝐶𝐶∀t: This simplifies the analysis, 
while not changing any of the key points. 

• The constant level of consumption is:

• Here, 𝑤𝑤𝑡𝑡 and 𝜏𝜏𝑡𝑡 are the wage and tax rates in period 𝑡𝑡, respectively.
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• The final component of the model is the human capital production function. 

• In order to obtain relatively simple and intuitive expressions for labour supply 
elasticities, I begin by assuming an extremely simple process:

• Here, 𝑤𝑤 is the initial skill endowment. 

• The term ∑𝑠𝑠=1𝑡𝑡−1 ℎ𝑠𝑠 is total work experience up until the start of period 𝑡𝑡. 

• The parameter 𝛼𝛼 maps work experience into human capital. 

• This linear in experience specification has the analytically convenient feature 
that an extra unit of labour supply at time 𝑡𝑡 raises the wage by 𝛼𝛼𝑤𝑤 in all future 
periods from 𝑡𝑡 + 1 to 𝑇𝑇.
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• Given the model in (1)–(4), the first-order conditions of the worker’s 
optimization problem imply the following:

• where

• If 𝛼𝛼 = 0, then there is no human capital accumulation via returns to work 
experience and the standard model with exogenous wages is obtained. 

• In that case, the following condition holds:

• This is the familiar ‘MRS’ condition that equates the marginal rate of 
substitution between consumption and leisure to after-tax wage. 

• But once I include human capital, as in (4), the opportunity cost of time (OCT) 
is the after-tax wage plus the effect of an extra hour of work at time t on the 
present value of after-tax earnings in all future periods (𝛼𝛼𝑤𝑤𝐹𝐹𝑡𝑡).
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• An important econometric implication of 𝛼𝛼 > 0 becomes obvious if (5) is used 
to derive the familiar labour supply expression:

• Following MaCurdy (1981), a large literature estimates (7) under the 
assumption that 𝛼𝛼 = 0, often attempting to deal with endogenous wages 
using instrumental variables procedures.

• The classic papers by Browning et al. (1985), Altonji (1986) and Blundell and 
Walker (1986) mentioned in the introduction all take this approach.
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Fig. 1. Hours, Wages and Price of Time over the Life-cycle

Notes. This Figure plots the components of the first-order condition for labour supply generated by the life-cycle model 

with human capital: 
𝛽𝛽ℎ𝑡𝑡

𝛾𝛾

𝐶𝐶𝜂𝜂
= 𝑤𝑤𝑡𝑡 1− 𝜏𝜏𝑡𝑡 + 𝛼𝛼𝑤𝑤𝐹𝐹𝑡𝑡: Here, 𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊 = 𝑤𝑤𝑡𝑡 1 − 𝜏𝜏𝑡𝑡 ; the ‘human capital term’ HC = 𝛼𝛼𝑤𝑤𝐹𝐹𝑡𝑡; and the 

‘opportunity cost of time’ OCR = Wage + HC. Note that the term HC captures the return to an hour of work experience, 
in terms of increased present value of future wages.
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• The reason this literature finds inelastic labour supply is illustrated in Figure 1. 

• This Figure depicts typical paths of wages and hours over the life-cycle.

• Wages follow a familiar inverted U-shape (Mincer, 1958), rising quickly for 
young workers, peaking in middle age and declining as workers approach 
retirement. 

• Hours of work also rise at young ages but, in sharp contrast to wages, they rise 
quite slowly. 

• If our model is (7) with 𝛼𝛼 = 0, and it is observed that hours increase much 
more slowly than wages in the first half of the life cycle, then one is essentially 
forced to the conclusion that labour supply is quite inelastic.
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1.1. The Frisch Elasticity
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• Now I compare labour supply elasticities with respect to tax changes implied 
by the standard model vs. the human capital model. 

• Consider first the Frisch elasticity. The Frisch is obtained from the total 
differential of (5) given a transitory tax change at time 𝑡𝑡:

• The Frisch holds the marginal utility of consumption fixed, which in the present 
case is equivalent to holding consumption itself fixed. That is, set 𝑑𝑑𝐶𝐶 = 0. 

• Then from (8), the following is obtained:

• If 𝛼𝛼 = 0 this reduces to the simple and familiar formula:

• Alternatively, (9) and (10) can be obtained from partial differentiation of (7).
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1.2. The Hicks Elasticity
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• While the Frisch elasticity is useful for predicting effects of transitory tax 
changes, the Hicks and Marshall are relevant for predicting effects of 
permanent tax changes. 

• In order to study permanent tax changes, it is convenient to assume that 𝜏𝜏𝑡𝑡 =
𝜏𝜏∀t and rewrite (5) as:

• Taking the total differential (and redefining 𝐹𝐹𝑡𝑡 appropriately), the following is 
obtained:
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• The Hicks elasticity is obtained by setting dC so that a tax change does not alter 
a worker’s consumption directly. 

• That is, a compensating transfer is implemented on the right-hand side of the 
lifetime budget constrain (3), such that it continues to hold with equality at the 
initial hours vector fhtgT t¼1. 

• Then, any change in consumption must be induced by a change in hours, and 
consumption is unchanged if hours remain at their initial level.

• Thus, the following is obtained:
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• Using (12) and (13), the following is obtained:

• where

• The variable 𝐶𝐶𝑡𝑡∗ could be called ‘effective’ earnings at time 𝑡𝑡. 

• It is actual earnings at 𝑡𝑡 plus the present value of marginal future earnings 
obtained due to human capital investment at 𝑡𝑡.

• If 𝛼𝛼 = 0 then (14) reduces to:

• which is, as noted by MaCurdy (1983), the Hicks elasticity in the standard 
model.
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• Alternatively, (15) can be derived directly using the argument in Keane and 
Rogerson (2015). 

• Equation (6) implies ln ℎ𝑡𝑡/ℎ1 = 1/𝛾𝛾 ln(𝑤𝑤𝑡𝑡/𝑤𝑤1). 

• Thus, any policy that alters labour supply incentives but that holds the wage 
profile {𝑤𝑤𝑡𝑡}𝑡𝑡=1,…,𝑇𝑇 fixed must alter hours proportionately at all ages. 

• Furthermore, a proportional increase in hours at all ages, all else equal, 
increases 𝐶𝐶 by exactly the same proportion.

• Thus 𝜕𝜕𝑙𝑙𝑙𝑙𝐶𝐶
𝜕𝜕𝑙𝑙𝑙𝑙ℎ𝑡𝑡

= 1∀𝑡𝑡. The following is then obtained from (7):
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• Comparing (9) and (14), the Hicks elasticity at age t exceeds the Frisch if:

• Strikingly, in the case of no income effects (𝜂𝜂 = 0) this inequality must hold, so 
the Hicks elasticity must exceed the Frisch. 

• This is because permanent tax changes have a larger effect on the price of time 
than transitory and, hence, a larger pure substitution effect. 

• But income effects work in the opposite direction. 

• Thus, in general, (16) implies that the Hicks elasticity will exceed the Frisch if 
the return to human capital investment (𝑊𝑊𝑤𝑤𝐹𝐹𝑡𝑡) is sufficiently large relative to 
the product of the income effect and effective earnings (−𝜂𝜂𝐶𝐶𝑡𝑡∗).
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1.3. The Marshallian Elasticity
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• Finally, consider the Marshallian or uncompensated elasticity. 

• This allows 𝑑𝑑𝐶𝐶 to incorporate both incremental earnings due to changes in 
hours and the income effect due to the change in the tax rate. 

• In particular, the following is obtained:

• where 𝐸𝐸𝑡𝑡 denotes the present value of after-tax earnings:

• Using (12) and (17), the following is obtained:
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• Notice the denominator of the Marshall elasticity is identical to the Hicks. 

• The income effect comes in through the additional 𝜂𝜂(𝐸𝐸𝑡𝑡/𝐶𝐶) term in the 
numerator. 

• If 𝛼𝛼 = 0 then (19) reduces to the following:

• which is the Marshallian elasticity in the standard model.

• One can also derive (20) directly. Using (6) to substitute for ht in (3) gives:
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• Then (6) – or, equivalently, (7) with 𝛼𝛼 = 0 – implies that:

• which gives:

• Comparing (19) and (20), it is seen that the introduction of human capital again 
has two effects: (i) it makes the Marshallian elasticity a function of both 
preference and wage process parameters; and (ii) it makes the Marshallian 
elasticity a function of age.
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• Strikingly, it is ambiguous whether the Marshallian elasticity is greater or less 
than the Frisch. 

• Comparing (9) and (19), it is seen that the Marshall is greater than the Frisch if:

• If there are no income effects (g = 0), this condition reduces to 𝑊𝑊𝑤𝑤𝐹𝐹𝑡𝑡 > 0, so 
the Marshall must exceed the Frisch if there are any human capital effects. 

• Again, this is because a permanent tax change has a larger effect on the OCT 
than a transitory one.



Heckman 23

1.4. Quantifying the Bias From Ignoring 
Human Capital
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• If 𝑇𝑇 = 2 then the first-order conditions for hours are as follows:

• Note that at 𝑡𝑡 = 1 the OCT is augmented by the term 𝜌𝜌𝛼𝛼𝑤𝑤ℎ2(1 − 𝜏𝜏2), which 
captures the effect of an hour of work at 𝑡𝑡 = 1 on the present value of 
earnings at 𝑡𝑡 = 2. 

• Here, I let tastes for work bt have an age subscript to create a source of 
stochastic variation in hours.

• Using (22) I obtain the following hours change equation:

• where 𝜀𝜀 ≡ 1
𝛾𝛾

ln(𝛽𝛽1
𝛽𝛽2

) is a shock to tastes for work (as in MaCurdy, 1981).
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• A better sense of the magnitude of the problem is obtained by considering a 
regression of hours changes on wage changes:

• Running the population regression (assuming data generated by (23)) gives:

• Thus, our estimate Γ of (1/𝛾𝛾) is biased downwards by a factor equal to the 
ratio of the rate of growth in the effective wage rate to the rate of growth in 
the observed wage rate. 

• As the Frisch, Hicks and Marshall elasticities all have the preference parameter 
c in their denominators, inferences about all three elasticities will be biased 
downwards.
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• An important point is that instruments cannot be used to solve the problem of 
endogenous wage formation. To see this, rewrite (23) as follows:

• The composite error term (in braces) includes the ratio of the first period wage 
to the opportunity cost of time. 

• Any variable that affects the growth rate of after-tax wages will be correlated 
with this ratio as well. 

• This invalidates any instrument that predicts wage growth.
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2. Simulations of a Simple Two-period 
Model
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2.1. Two-period Model Calibration
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• Turning to the wage function, in contrast to the simple function assumed for 
analytical convenience in Section 1, (4), here we assume the more realistic:

• This is a Mincer-type earnings function, with w1 as the skill endowment, a 
quadratic in hours (experience), and a depreciation term 𝛿𝛿, which causes 
earnings to fall if a person does not work sufficient hours in period one. 

• Keane and Wolpin (1997) find depreciation is important.
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• I calibrate the model so that: (i) a person must work at least part-time at 𝑡𝑡 = 1
for the wage not to fall at 𝑡𝑡 = 2; and (ii) the return to additional work falls to 
zero at ℎ = 200.

• Given these constraints, the wage function reduces to:

• Thus, the single parameter 𝛼𝛼 determines how work experience maps into 
human capital.
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2.2. Standard Model Without Human 
Capital
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• Now I use the two-period model to simulate labour supply elasticities. 

• Table 1 gives results for models with 𝜂𝜂 = −0.75 (the Imai and Keane (2004) 
estimate). 

• The first four rows show results for the standard model with no human capital 
(a = 0). The lower rows show results for progressively higher values of a. 

• The columns correspond to different values of c. The left panel of Table 1 
shows elasticities with respect to temporary tax changes at t = 1. 

• The first two rows show uncompensated (total) and compensated (Hicks) 
elasticities. 

• The next two rows show the Frisch elasticity calculated in the conventional way 
as hours growth divided by wage growth. 

• The right panel of Table 1 shows elasticities with respect to permanent tax 
changes (i.e. changes that apply in both periods).
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Table 1
Labour Supply Responses to Tax Changes, Case of 𝜂𝜂 = −0.75

Notes. 𝜂𝜂 = −0.75 is the Imai and Keane (2004) estimate. The ‘Total’ elasticity is the uncompensated. The ‘Frisch’ elasticity 
refers to the estimate obtained using the conventional method of regressing the log hours change on the log earnings 
change, using the simulated data. In the rows labelled simply ‘Frisch’ the estimate is obtained from simulated data where 
the tax rate is equal in the two periods. In the rows labelled ‘Frisch (tax)’, the Frisch estimate is obtained using data that 
contain a tax cut at t = 1. The figures in bold are cases where, for my preferred value of c = 0.5, permanent tax effects 
exceed transitory tax effects.
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Table 1
Labour Supply Responses to Tax Changes, Case of 𝜂𝜂 = −0.75

Notes. 𝜂𝜂 = −0.75 is the Imai and Keane (2004) estimate. The ‘Total’ elasticity is the uncompensated. The ‘Frisch’ elasticity 
refers to the estimate obtained using the conventional method of regressing the log hours change on the log earnings 
change, using the simulated data. In the rows labelled simply ‘Frisch’ the estimate is obtained from simulated data where 
the tax rate is equal in the two periods. In the rows labelled ‘Frisch (tax)’, the Frisch estimate is obtained using data that 
contain a tax cut at t = 1. The figures in bold are cases where, for my preferred value of c = 0.5, permanent tax effects 
exceed transitory tax effects.
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• Keane (2009) shows that, in the standard model, the uncompensated and 
compensated labour supply elasticities with respect to temporary tax changes 
at t = 1 are:

• in the two-period case. 

• These equations give values of 0.84 and 1.228, which align closely with the 
values of 0.835 and 1.222 obtained in the simulation.
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2.3. Models With a Small Human Capital 
Effect
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2.4. Models With Plausible Human Capital 
Effects



Heckman 38

2.5. Sensitivity of Results to Income Effects
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• Table 2 reports results for a model with 𝜂𝜂 = −0.50, the value estimated by 
Keane and Wolpin (2001). 

• This implies weaker income effects than in the previous simulations.

• Focus again on the γ = 0.50 case. In the model without human capital (𝛼𝛼 =
0), the uncompensated elasticity with respect to a temporary tax cut at t = 1 is, 
as expected, much greater than that with respect to a permanent tax cut (1.03 
versus 0.50). 

• But with plausible returns to work experience (𝛼𝛼 = 0.008), the 
uncompensated elasticity with respect to a permanent tax cut is greater than 
that with respect to a temporary tax cut (0.445 𝑣𝑣𝑊𝑊𝑟𝑟𝑣𝑣𝑣𝑣𝑣𝑣 0.420).
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Table 2
Labour Supply Responses to Tax Changes, Case of 𝜂𝜂=−0.50

Notes: 𝜂𝜂=−0.50 is the Keane and Wolpin (2001) estimate. The ‘Total’ elasticity is the uncompensated. The ‘Frisch’ elasticity 
refers to the estimate obtained using the conventional method of regressing the log hours change on the log earnings 
change, using the simulated data. In the rows labelled simply ‘Frisch’, the estimate is obtained from simulated data where 
the tax rate is equal in the two periods. In the rows labelled ‘Frisch (tax)’ the Frisch estimate is obtained using data that
contain a tax cut at t = 1. The figures in bold are cases where, for my preferred value of c = 0.5, permanent tax effects 
exceed transitory tax effects. 
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Table 2
Labour Supply Responses to Tax Changes, Case of 𝜂𝜂=−0.50

Notes: 𝜂𝜂=−0.50 is the Keane and Wolpin (2001) estimate. The ‘Total’ elasticity is the uncompensated. The ‘Frisch’ elasticity 
refers to the estimate obtained using the conventional method of regressing the log hours change on the log earnings 
change, using the simulated data. In the rows labelled simply ‘Frisch’, the estimate is obtained from simulated data where 
the tax rate is equal in the two periods. In the rows labelled ‘Frisch (tax)’ the Frisch estimate is obtained using data that
contain a tax cut at t = 1. The figures in bold are cases where, for my preferred value of c = 0.5, permanent tax effects 
exceed transitory tax effects. 
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3. Quantitative Assessment of the Role of 
Human Capital



Heckman 43

3.1. The Structure and Fit of the Imai–Keane 
Model
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3.2. Simulations of the Model – Short-Run 
Labour Supply Elasticities
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• Table 3 reports elasticities of current hours with respect to transitory and 
permanent tax changes. 

• An unanticipated tax change has a (small) wealth effect but an anticipated 
change has no wealth effect, only a pure Frisch effect.

• As seen in Table 3, the Frisch elasticity increases substantially with age, from 
only 0.30 at age 20 to 1.96 at age 60. This agrees with the prediction of 
subsection 1.1: transitory taxes have small effects at young ages because they 
only affect a fraction of the OCT (i.e. the current after-tax wage, not returns to 
human capital investment).

• But, as workers age and the return to human capital investment falls, the Frisch 
elasticity increases.
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Table 3
Short-run Labour Supply Responses to Taxes in the Imai–Keane Model

Notes: All figures are elasticities of current hours with respect to tax changes. The ‘transitory’ increase only applies for one 
year at the indicated age. In the ‘anticipated’ case this has no wealth effect, so it is a pure Frisch effect. The ‘permanent’ 
tax increases take effect (unexpectedly) at the indicated age and last until age 65. In the ‘compensated’ case the proceeds 
of the tax (in each year) are distributed back to agents in lump sum form. Figures in bold are cases where permanent tax 
effects exceed transitory tax effects.
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3.3. Simulations of the Model – Long-Run 
Tax Effects
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• In Table 4, I use the Imai–Keane model to simulate the impact of a permanent 
change in the tax rate on labour earnings that starts at age 20 and lasts till age 
65.

• Consider first the elasticity of lifetime hours from age 20 to 65. 

• According to Table 4, the long-run compensated elasticity is a very substantial 
1.3. 

• Notably, the Hicks elasticity implied by the Imai–Keane parameter estimates in 
the standard model without human capital is, from (15), eq𝑊𝑊𝐻𝐻 = 1

𝛾𝛾−𝜂𝜂
=

1
0.262+0.736

≈ 1.0

• Thus, the human capital mechanism amplifies the compensated elasticity of 
lifetime hours by 30% (from 1.0 to 1.3).
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Table 4
Lifetime Effects of a Permanent Tax Increase on Labour Supply

Notes. This Table compares the baseline simulation of the Imai and Keane (2004) model with an alternative scenario where 
the tax rate on earnings is permanently higher. The increase is in effect from the first period (age 20) until the terminal 
period (age 65). The Table reports both the uncompensated case and the case where the proceeds of the tax (in each year) 
are distributed back to agents in lump sum form.
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• Table 4 also reports elasticities of hours at selected ages. 

• A permanent tax hike reduces hours much more at older ages than at young 
ages. The effect of the tax grows with age for two reasons: 

• First, as workers get older the after-tax wage makes up a larger fraction of the 
opportunity cost of time. 

• Second, a permanent tax rise slows the rate of human capital accumulation, 
which produces a ‘snowball’ effect on wages.
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3. Quantitative Assessment of the Role of 
Human Capital
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5. Conclusion
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