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Consider the canonical consumer problem

max U(x) subjectto A>p-x (1)

XGRQ’

where U is the consumer’s utility function defined over consumption
bundles x = (x1,-- -, xy)’, A is the consumer’s income,

. . N .
p=(p1, - ,pn) is a vector of prices, and p-x =) ._; pix; is the
consumer’s total spending on goods.
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® The Lagrangian for this problem is given by

L=UX)+A(A-p-x)

® The first order-conditions are

U; < Ap; with equality if ; >0, i=1,--- N (2)
A>p-x, A>0, (A—p-x)A=0 (3)

where U; = 3 . If U; > 0 for all i with at least one strict
inequality, then A > 0 and equation (3) reduces to

A=p-x (3)
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e If in addition U is continuously differentiable and quasiconcave,
these conditions are necessary and sufficient for a solution by
the Kuhn-Tucker Theorem.

® That is, any solution to (1) must solve (2) and (3') and any
solution to (2) and (3’) must be as solution to (1).

® Suppose we are at an interior solution so that all the equations
in (2) hold with equality.
¢ Furthermore, assume that U is strictly quasiconcave so that the

solution is unique.

® Then we can totally differentiate the system in (2) and (3'):

N
> Ujdx; = Adp; + pidA
j=1
N
dA =" (pidx; + xidp;)
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Place the N + 1 equations into a matrix:

Ul 1
U2 1

Uni
—P1

Uiv —p1
d Ad
Uon  —p2 )-<1 .,D1
U. _. dXN )\de
NN TPNCEL gy —dA+ Y. x;dp;
-pnv O

-

J
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Using (2), the matrix J can be rewritten as

Y
U -+ Uy —%
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The determinant of J is given by

Ull e UlN Ul

1 U21 e U2N U2

|J| = ﬁ : - : :
Uvi -+ Uw Uy
U -+ Uy 0
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® BH is the bordered Hessian of the utility function.

® A sufficient condition for strict quasiconcavity of U is that the
border-preserving principle minors of BH alternate in sign,
starting with a negative value.

® This condition also guarantees that the system of equations in
(4) has a unique solution. We will maintain this assumption for
the remainder of this note.
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Large Comparative Statics
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Change in income
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® Suppose that dA # 0 and dp; = 0 for all /.

® That is, we first consider the consumer's response to a marginal
change in income holding prices fixed.

® In this case, the system in (4) reduces to

dx 1 0
dw | | 0
dA —dA
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® Using Cramer’s Rule, we can solve for dx; as

Column j
~~
U]_]_ 0 UN1 —p1
U21 0 UN2 — P2
UNl 0 UNN — PN
—p ... —dA ... py O Inir
! J] [J]

where Jy1; is the (N + 1, ) cofactor of the matrix J.

® This implies

d;  Iniiy
dA "] (5)

* If this term is positive (negative), x; is a normal (inferior) good
at the given prices and income level.
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Uncompensated (Marshallian) change in price
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* Now suppose that dp; # 0, dp; = 0 for j # i, and dA = 0.

® That is, we want to consider the consumer’s response to a
ceteris paribus change in the price of good /.

® The system in(4) reduces to

0
dle 0
dxp! 0
d\ :
0

x;dp;

where the superscript M is used to denote that the price
change is uncompensated (Marshallian).
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® Again appealing to Cramer’s Rule, we have

Column j

Uy - 0 coo Uiy —p1
Adp;

Uvi -+ 0 - Uw —pn

—p o xdp o —py 0|y gy
ClX-M: = —J)\dp,+ 1',X,'
’ ] ] ]

which, upon rearrangement, becomes
dxM . Iyt J- dx:
J ij +1,j ij J
= A+ Xj = ==\ — /X 6
dor ~ T T A ©)

where the last equation follows from (5).
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Slutsky-compensated change in price
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e Consider again a change in a single price p;.

¢ Slutsky-compensation adjusts the consumer’s income by
dAC€ = x;dp; so that the original bundle remains affordable at
the new prices.

® Proceeding as before, the system in (4) reduces to

0
J ’ = | \d, i
dXﬁ Op
d\
0

where the superscript C is used to denote that the price change
is compensated.
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® Cramer's Rule now yields the expression

Column j
=~
Unp -+ 0 o Uiv —p

Adp;

UN1 0 UNN —pN
dx© = = L \dp;
’ J] J]

or c
dx; Ji

—L ==L 7
dp; J] ()

® Qur assumption about the principle minors of the bordered
Hessian of U ensure that J; and |J| have the opposite sign.

® This implies
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® TWe can substitute equation (7) into (6) to obtain

d)gM_dLjC_d@

bt I8 9
o o dA” )

e This is the famous Slutsky equation, which says that the effect
of an uncompensated price change can be decomposed into a
compensated price (substitution) effect and an income effect.

e If X; is a normal good, then equation (8) implies

dxM
oo <0

® This result is called the law of demand.
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Hicks-compensated change in price
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Suppose we again consider a change in prices, but we adjust
the consumer’s income in such a way that he is indifferent
between the old and new price vectors.

This is called Hicks compensation.

To calculate how much utility changes, totally differentiate the
utility function:

dU = Z Usdx;

By the first order conditions in (2), we can rewrite this as

dU =\ pidx; (10)

We can also totally differentiate the budget constraint:
dA = (pidx; + x;dp;)
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® Substituting into equation (10), we have

dU=\{dA—" xdp

® This equation implies that the consumer is indifferent to a
small change in prices after receiving Slutsky-compensation.

® The equivalence of Slutsky and Hicks compensation breaks
down for non-marginal changes, a problem that can lead to
"substitution bias” in price indices.
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Frisch-compensated change in price
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¢ Up until now, A has played a minor role in the analysis.

¢ Recall the Envelope Theorem result that A can be interpreted as
the marginal utility of income, the additional amount of utility
the consumer can attain from a marginal increase in income.

e Using Cramer’s Rule on equation(4), we can calculate the
change in A as we change income as

Ull UlN 0
Uv -+ Uw 0
—p ey —dA| M|
d\ = dA
7] TR

where H is the Hessian (not the bordered Hessian) of the utility
function.
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This implies

d\ [H|

——__11 11
dA |J] (11)

A sufficient condition for the strict concavity of U is that the
principle minors of its Hessian alternate in sign, starting with a
negative value.

We will assume this condition holds, so that (—1)V|H| > 0.

® From our assumption about the determinants of the bordered
Hessian, we also know that (—1)N|J| > 0.

This implies marginal utility of income is falling.
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® The assumption that the utility function is concave is not
without loss of generality, since not all convex preference
orderings are “concavifiable”.

® Restrictions on preferences which guarantee a concave utility
representation, as well as what those restrictions imply about
consumer demand behavior, are explored in the mathematical
economics literature (see ?777).
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® The effect of a Slutsky-compensated change in price on \ is

given by
Up -~ Uiv O
AdP;
Uv -+ Uw O
—p1 - —pv O Jins1 dx;
d)\¢ = = XM \dp; = —— \dp;
i T e
dx | dx
o ' dA

where the last equality comes from the symmetry of J and
equation (5).

e If x; is a normal good, the compensated marginal utility of
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® Now consider the effect of a general price change:

U1
Ua
Uni
—b1

Uin Adp;

Uan Adp;

Unn Adpy

—pnv —dA+ ) xidp

IJ\

)\dp, —dA+ Z xidp;) || J||
dx, d\
dA)\dp, dA—i—Zx,dp, 7

¢ Frisch compensation keeps the marginal utility of income

constant (d\ = 0):

0=—

Heckman and Malison

dX,'

Adp; — (—

d\
dAF +)  xdp))—

A
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* If all goods are normal and utility is strictly concave, dAF will
be smaller than Slutsky-compensation.

® A compensated increase in price will make the marginal utility
of income fall, since the consumer will be able to buy less with
a marginal dollar.

® To keep marginal utility constant, the consumer must be given
less compensation.

® The Frisch-compensated response to a ceteris paribus change
in p; will therefore exceed the Hicks-compensated response:

dx¢ _dxf  dxt X (dx,->2

(12)

dpj = dpi dpi 42 dA

® The difference between the uncompensated and
Frisch-compensated response is given by

dxV  dxF S A dx ) dx;
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® Whether or not the uncompensated response exceeds the

Frisch-compensated response depend on the sign of the term in
parentheses.

e Using equations (5) and (7), we can also write the Frisch
response in terms of determinants as

dxf \ (J,-,-|H| - JI%H-l,i)
dp; |J||H|
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® Suppose without loss of generality that i = N (we can always
rearrange the labelling of the goods to make this the case).

® We can partition the adjutant matrix of J as

Ju I In—1a Ina Int11
Jio
adjJ =
Jin-1 In—inv—t1 | Inv—1 Ingin—t
Jin Ivain | o Ivn v
Jin41 In—1n41 | Innt |H|
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® Using the partitioned determinant formula, we get
|adjJ| = [C||A —BC'B"| = |J|"
where the last equality comes from the fact that

1
] adjJ =J"1 (14)

e But |C| is just the numerator of equation (12). Thus we can
rewrite (12) as

dxy _\MI"MI(A-BCTBT))

=\ 15
dow A (15)
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® From the partitioned inverse formula, we know that

(] 1) — (A—BC!B7)! |—(A—BC!B")'B
—CB"(A-BC 'B") | (C—BTA'B)!

¢ Equation (14) then implies

1
mHNN =(A-BC'B")™!

so that equation (15) simplifies to

dX,’\_; _ )\|HNN|
de ’H‘

(16)
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® A simpler way to obtain the expression in (16) is to consider

the system of equations in (2) as defining x as a function of p
and A:
Ulx(p,A) = g fori=1,--- N

® At a particular value of )\, these functions will satisfy the
original budget constraint. Differentiating this system yields

dX1 )\dpl
dx; Ad

H :2 _ :P2 (17)
dXN )\dp/\/

e Cramer's Rule applied to the system in (17) then yields
equation (16).
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Monotonic Transformations
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® Suppose we consider the utility function
V(x) = f(U(x))
where f is a differentiable, strictly increasing function.

® V represents the same underlying preferences as U, so we
should hope that our predictions remain unchanged if we
perform the above calculations using V.

® The first-order conditions in equation (2) become
Vi = Uif' = \Vp;

® Since (x,A) was a solution to the original system of equations,
we know that (x, f’A) is a solution to the new system of
equations.

® Thus we must have
)\V
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Replacing V' with U causes the J matrix in equation (4) to become

Unf' + U2F"

Ui '+ U, Ui "
JV = .
Ule/ + UNU1f"
—b1
Unif’ Unn '
—h1 —Pn
= CJC, + "z
where
1

Heckman and Malison

U1Nfl -+ U1UNf” —pP1
Uanf' + UL Unf"  —py

Uwf' + Uif"  —p

—Pn 0

—P1
U

—P1 _1
o+ U:N (U
—P1 0
0

f/
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® Using the matrix determinant lemma, we have

13Y| = |CLIC,|(1 + F'ZC;1I7IC 1 2)
=J| (1 + %Z/JIZ) (f’)’\”1 (19)

® Recalling the adjoint formula for a matrix inverse given in (14),
J~1 can be written as

J11 J21 e JN+1,1
1 J12 oo o It

e
]

Jinver it o Inping
® Thus we have

7)1z = |Tl| > U
i
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® Notice that for i =1,--- , N, the term Zj U;J;i is the cofactor
expansion of the determinant of the matrix which replaces the
i column J with the vector z.

® By the first order conditions, we know that z is proportional to
the (N + 1)-column of J, so the determinant of this matrix

must thus be zero.
® This implies ZJ. U;Jji = 0 for all i, so that the expression in

(19) simplifies to
9V =11 (20)

® Using similar methods, it can be shown that

Iirj = Inerg(FYNH forj=1,--- N (21)
J7 = Jy(F)N? fori=1,---,N, j=1,---,N
(22)
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* Equations (18)-(22) then imply

_JA\7+1J:_JN+1J forj:1 oo N (23)
V] J]

JY Jii . :

ﬁ)\\/:’j)\ fori=1,--- N, j=1.--- N (24)

¢ Equations (23) and (24) imply that the income and
Slutsky-Hicks compensated price effects will be the same when
V' is used instead of U.

® Equation (9) then implies that the uncompensated effects will
also be the same.
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What about the Frisch response? Proceeding as before, we find that

"

f
IHY| = |H] 1+F(U1 o Uy)HTH] (FHYN  (25)

and

f// "
|H¥‘:’Hi:‘| 1+—(U1 oo Uiy U -+ UN)H—l Uia

Uit

Un

-~
Rij

Heckman and Malison Ordering Responses



Large Comparative Statics Change in income Uncompensated (Marshallian) change in price Slutsky-compensated change in price

® This time, the terms in the parentheses does not simplify to
unity unless f” = 0.

® We thus have

WwIHEL [l (1 ri)
[HY| H| (1+5k)

where x and k; refer to the quadratic forms in equation (25)
and (26), respectively.

® This result implies the Frisch response is not invariant to
arbitrary monotonic transformations.

® Some transformations may reverse the ordering in equation
(12).
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Adding Endowments
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® Now suppose we assume the consumer’'s income comes in the
form of a vector of endowments of the goods X = (X, -+ , Xn)'".

® The consumer’'s budget constraint is

p-x<p-X

® The first-order conditions in (2) are unchanged. The system of
equations in (4) is now

dX1 )\dpl
N :

dXN )\de

d\ >oi(xi = Xi)dp;
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® The Slutsky equation in (9) becomes

dxY dx¢ dx:
e/ s . Y 27
o " dp  aAi ) (27)

If the consumer is a net seller of x; and x; is a normal good, the
income effect is positive. Slutsky compensation is given by

dAC = Z(X,’ — )_<,')dp,'
i
In the case where only p; changes and the consumer is a net
seller of x;, Slutsky compensation is negative.
® Frisch compensation can be written as
A dx; _
dAFIZ d)\ dAI Xi — X dp,

i

Heckman and Malison Ordering Responses



Slutsky-compensated change in price

Large Comparative Statics Change in income Uncompensated (Marshallian) change in price

In the case of normal goods and strictly concave utility, Frisch
compensation remains more negative than Slutsky
compensation.

® We can order the responses to an own-price change as

dx’ - dxf - dxf
dpi ~ dpi  dp;

x VU
where j and are both negative but ", may be positive.
dp;
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The Labor-Leisure Choice
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® Suppose we consider the case where there are two goods,
consumption ¢ and leisure /.

® The consumer is endowed with 1 unit of time and A units of
consumption.

® The consumer works for 1 — / hours and earns a wage w.

® The consumer’s budget constraint is now
pc <a+w(l—1)
which can be arranged as

pc+wl <A+ w

® The system of equations in (4) is then given by

Ucc Ucl —p dc )\dp
Uc U —w d | = Adw
-p —w 0 dA (c—=A)dp+ (I = 1)dw
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® The income effect for leisure can be calculated from equation
(5) as
dl o Ulcp - Uch

dA —p2Uy + 2pwUjc — Uccw?

® The compensated effect of an increase in w can be calculated
from equation (7):
di¢ —\p?

dw —p?2Uy + 2pwlU)c — U w?

and the uncompensated price effect can be calculated using
equation (27):

dlV  =Ap* + (Uiep — Ueew)(1 = 1)

dw  —p2Uy + 2pwUc — U ew?

e All these effects are invariant to monotonic transformations of
the utility function.
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® The Frisch effect can be calculated using equation (16):

dlf AU
dW U, Uy — U?

® Define labor supply as n =1 — /. Substituting for A\ using the
first-order condition U, = Aw, we can write the Frisch elasticity
of labor supply as

F dnt w 1 U U,

€& = — = --— -
dw n n UCCU// — Ug,

¢ If consumption and leisure are additively separable in the utility
function, this expression simplifies to

== 29
€ " U (29)
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® Suppose that the utility function is given by

€ 1+te

1—-N"~*
1+€( )

U(e, 1) = o(c) =~

® Then equation (29) simplifies to
eF=e

e This utility function has a constant Frisch elasticity of labor
supply. As an exercise, determine the Frisch elasticity of labor
supply for the utility function

()7

l1—0

Ue,l) =

¢ Both these specifications are commonly used in the literature.
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Application to a Life-Cycle Model
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® Suppose a consumer lives for T + 1 periods and that the
consumer's preferences over consumption and leisure streams
{ct, It} are ordered by the utility function
T

> BtU(ce k) (30)

t=0

® The consumer earns a real wage w; in period t and is endowed
with one unit of time each period.

® The consumer is also endowed with some initial assets Ag at
t = 0 and can borrow and lend freely at constant interest rate
r.

® The consumer's lifetime budget constraint is given by
Wi -
<A —=A 1
S s A

0 t=0

o /) Aco - o
Heckman and Mallson Ordermg Responses
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® Suppose instead of considering the lifetime problem all at once,
the consumer first solves the period t problem first:
max U(ct, It) subject to ¢; + wily < E; (33)
Ct,lt
where E; are the resources allocated to period t. Let V(w;, E;)

denote the value function of this problem. The consumer then
solves the problem

T T
: E: T
max B*V(wy, E;)  subject to —— <A (34
nax 2 V(. B 2argsh Y
® The first-order conditions to the problem in (34) is
8Vt A
t —_—
ﬁ t (1 + r)t (35)

t
where V! = V(w, E;) and X, = 89
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e Totally differentiating this expression yields

O\ e, dA 3
(‘3_EtdEt+8_vdet_m fort=0,1,---, T (36)

e Differentiating the budget constraint yields

\1

.
dE d
TR Y el (57)
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Placing these equations into a matrix gives us

9o _ O
OF -1 dE, e AW
OE 1+r dE, ow, 71

oar 1 : g
9E a+nT dEr Bur AWT

1 1 T dw;
-1 T T T dA - tho (14r)t (
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® Due to its diagonal structure, the determinant of J can easily
be found using the partitioned determinant formula:

T T 2t -1
. 6)\t 1 6)\1:
Hl=- 11 0F Z<1+r) (aE) (38)

t=0

e If utility within each period is strictly concave, then we already
showed above that % < 0 for all t.

® |t is easy to see that the border-preserving principle minors of J
alternate in sign, so that the utility function in equation (34) is
strictly quasiconcave.
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We first solve for the effect of a small change in initial assets
dAy. Proceeding as before, we have

dE. — Jrizen

i QRN A Lan 39
dAq ]| (39)

To find J7r42,++1, expand along row t + 1.

The only non-zero element in this row occurs in the final
column.

Once this row and column are removed, only the final row
contains more than a single element.
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® Expanding along column t 4 1 then yields a diagonal matrix.
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® To illustrate how this works, suppose T =3 and t = 1.

e \We seek to find the determinant

o
OE

-1

oY)

OE

1
(14r)2

-1
1
1+r
1
T
gA3 — =+
8E1 (1+r)3
(143
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Expanding on the second row yields

o

OF
1 L9V
oE

2%
E
g 1

1
-1 -1 ~@y @
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Expanding along the second column yields

Y

1 oE 1 o\
Jsp = — 9% =— :
%2 14r 9 o 1+r1_[18E

OE t#
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® In general, this procedure will yield the expression

J o 1 6)\1”
TH2,t41 = (1+r)t e OF

which implies from equation (38) and (39) that

dE. [ 1 \' /oA i LT (AT
dAy  \1+r OE 1+r OE

t'=0
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Interpretation:

® The Frisch elasticity estimates the effect of evolutionary wage
change.

® In a perfect foresight model, it is the effect of changing the
relative price of time in different periods.

® These price changes are perfectly anticipated.

® Marshallian effects refer to wage changes with income effects
(Blundell and MaCurdy, 1999; MaCurdy, 1978, 1981).
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Questions to address:

® Add uncertainty about future wages and incomes (see e.g.,
MaCurdy, 1978). Does the interpretation survive?

® Are the Frisch elasticities useless for interpreting data?
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Explain better utility constant (this is lifetime utility) from utility
constant within a period.
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Show the Hessian for the lifetime utility problem. Interpret within a
utility tree model

Life cycle model:

E; = expenditure in t

U; is utility in t

Agent: Max U; + A\:(E; — P} - X;)

This solves the expenditure constant (for t period problem)

-
Stage 2: Allocate Z
=0

(1+r = A over the life cycle so that the

A = Aall t (with r >0, )\, = (1+r)t)

Question: In this representation, what is the Frisch effect of a
change in Py; on X7
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